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This paper presents the problem of describing the system, a pump-
controlled motor with a long transmission line, by means of a

mathematical model with lumped parameters, where the long transmission
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line is divided into n equal “II” segments. The obtained mathematical
model is of high order but by applying the corresponding methodology in
this paper, its order will be reduced, which considerably increases its use
value. From the aspect of control, here it is important how to solve the
problem of control of high order facilities because controllers with fixed
order are present in industrial practice (P, PI, PID), and the high order
facility should be controlled. This paper represents the beginning of
research in defining the methodologies of synthesis of controllers with

fixed order for the systems with long transmission lines.
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1. INTRODUCTION

Increasingly strict and wide requirements regarding
displacement hydrostatic power transmitters have
recently appeared in the sense of simultaneous
accomplishment of high power exploitation degrees,
high speed of response with the reduction of price [1-
3]. This particularly refers to high power systems and
systems of variable load (building and mining
machines, agricultural machines, transportation
machines, machine tools, etc). It is obvious that these
requirements result in the need for more intense
development of systems with displacement control in
relation to the systems with damping control. One of
the main preconditions for quality and reliable
operation of high power systems is stable and quality
operation of the system for automatic regulation of
hydrostatic power transmitter, the pump controlled
motor with long hydraulic lines (Fig. 1). The authors of
this paper have considered the problem of dynamic
behaviour of such systems in a very systematic way,
and the results are presented in paper [4-5]. The
existence of a long transmission line in this system
makes its dynamics more complex to a considerable
extent, because the physical values, pressure and flow,
which characterize the transfer of energy along the long
transmission line depend both on the time coordinate
and the space coordinate. Dependence of these physical
values on the space coordinate, too, conditions that
during mathematical description of the long
transmission line the space distribution cannot be
neglected, so that it is described by a model with
distributed parameters. Models with distributed
parameters are described by differential equations and

Received: January 2010, Accepted: March 2010
Correspondence to: Dr Novak Nedié

Faculty of Mechanical Engineering,

Dositejeva 19, 36000 Kraljevo, Serbia

E-mail: nedic.n@mfkv.kg.ac.rs

© Faculty of Mechanical Engineering, Belgrade. All rights reserved

the model thus obtained is of infinitesimally high order
[6-10]. In addition to mathematical modelling of the
long transmission line by means of a model with
distributed parameters, it is possible to describe the
long transmission line by common differential
equations, i.e. a model with lumped parameters [1-5]
because solving common differential equations makes
considerably fewer difficulties in comparison with
solving partial differential equations.
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Figure 1. Symbolic diagram of a closed system of
automatic control of a pump-controlled motor with a long
transmission line

This paper presents the problem of describing the
system, a pump-controlled motor with a long
transmission line, by means of a mathematical model
with lumped parameters, where the long transmission
line is divided into n equal “IT” segments. The obtained
mathematical model is of high order but by applying the
corresponding methodology in this paper, its order will
be reduced, which considerably increases its use value.
From the aspect of control, here it is important how to
solve the problem of control of high order facilities
because controllers with fixed order are present in
industrial practice (P, PI, PID), and the high order
facility should be controlled [10-14]. This paper
represents the beginning of research in defining
methodologies of synthesis of controllers with fixed
order for the systems with long transmission lines
described by means of mathematical models of high
order, and it treats the methodology of designing P
regulators, whose introduction can significantly
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influence the improvement of quality of dynamic
behaviour of these systems.

2. DYNAMIC MATHEMATICAL MODEL OF THE
SYSTEM OF A PUMP-CONTROLLED MOTOR
WITH A LONG TRNASMISSION LINE

The mathematical model of the system is determined by
describing every element of SAR by fundamental
equations, with the corresponding assumptions. The
structure of a part of the system, on the basis of which
modelling is performed, is presented in Figure 2.
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Figure 2. Structural diagrams of the subsystem [1]
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2.1 Pump

The pump is of variable working volume with the
constant number of revolutions. Leakage and
compressibility of oil in the pump are taken into
consideration through the coefficient of leakage
resistance R, and the module of compressibility B. The
flow at the exit of the pump, O, = 0, is equal to the
flow at the beginning of the long transmission line and
is described by the equation:

d
01(0=D, (00, ~—~pi(D-C, pé[(r) o
P

By applying the Laplace Transform, Equation (1) at
all initial conditions equal to zero obtains the following
form:

0/(9)=Dy (), ~—— P -Cpr(s) @)

)4
01(5) =D, (), —Z,pi(s) (3)
where: Z, (s)=C S+L' C —V—p
TP p R > P B '

p
2.2 Hydro-motor

The hydromotor is of constant working volume with a
variable number of revolutions. Leakage and
compressibility of oil in the motor are covered through
the characteristic coefficients R,, and C,, respectively.
The flow at the exit of the long transmission line is

equal to the flow at the hydromotor 0, = Q,, and is
described by the equation:
1 dp, (¢
02(1)= Dy, 04— a0+ G, L2 (o

m

By applying the Laplace Transform, Equation (4) at all
initial conditions equal to zero obtains the following form:

05 (5) = Dy (s>+Ripz )+ Cpspa(s)  (5)

m
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05 (8) = D)y @, () + Z,, P2 () (6)
1 V,
here: Z =C s+—; C, =-"1,
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m

The loads which should be overcome by the

hydromotor are: inertial, viscous, and external. The

moment equation of hydromotor load is given in the
following form:

da, (1)

Dy pa (1) = Jy +B,0, O)+TL(#).  (7)

By applying the Laplace Transform, Equation (7) at
all initial conditions equal to zero obtains the following
form:

Dy, py(s) =J 50, (s)+ B, (s)+ T (s) . (8

By transforming (8), the following expression for
pressure at the end of the long transmission line is
obtained:

71 (s)
P2(8) = Zr Dy () += ©)
m
I B, o
where: Zp =—=-5+—- — the characteristic impedance
Dm Dm

of internal load at the hydromotor.
2.3 Long transmission line

The long transmission line represents the connection
between the pump and the hydromotor. As the length of
transmission lines ranges between several meters and
several dozen meters, it is clear that pressures and flows
at the beginning and at the end of the line are not equal,
so that its influence in such systems cannot be
neglected.

Figure 3 presents the symbolic scheme of a
transmission line modelled through a “IT” approximate
model with lumped parameters. In this model, the initial
assumption is that the overall volume of the
transmission line V' = A4 - [, is divided into two parts and
concentrated at its ends with the equivalent module of
compressibility £ and the flow in the middle of the
transmission line Q,, so that this model is called “the
model of medium flow” in literature [1]. In other parts
of the long transmission line, the working fluid is
considered incompressible, and the line itself is
considered non-elastic.
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Figure 3. Symbolic scheme of the transmission line
modelled by a “IN” approximate model with lumped
parameters

This model can also be presented through its
equivalent electrical analogy in the form of a simple
electric circuit shown in Figure 4.
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Figure 4. Equivalent electrical analogy of the “I1” scheme
of a transmission line with lumped parameters

By solving this electric circuit, the equations
connecting the pressures and flows at the beginning and
at the end of the long transmission line are obtained:

1v1
pi(s) = (1+%)P2 $+2'0,¢s)  (10)

zy! Zy!

O(s)=r'(1+ P+

)02 (s) (1)

where: Z' — the equivalent impedance of the described
hydraulic circuit; Y' — the equivalent admittance of the
described hydraulic circuit

Z'=R'+Ils; Y =Cls;

R=R-I;L=L1;C=Cl (12)
N e )
nd A pct  E

and represent the resistance, inductivity and capacity of
the transmission line, respectively (u — the coefficient of
dynamic viscosity of the working fluid; d — the diameter
of the transmission line; p — the density of the working
fluid in the transmission line; 4 — the area of the cross-
section of the transmission line; £ — the equivalent
modulus of elasticity; ¢ — the velocity of sound in the
fluid).

The transmission matrix for the “IT” model with
lumped parameters is given by the equation:

1y/1
(1+£) VA
{Pl}: 2 _{Pz] (14)
11 1y1
o Y1(1+Z4Y) (1+22Y) &)

The equation describing the connections between the
flow and the pressure at the end and at the beginning of
the transmission line is given in the form of a
transmission matrix [15].

{m (S)} B |:AL By } '{Pz (S)} (15)
Q6] € D] |

Equation (15) represents the general form of the
transmission matrix of the long transmission line with
lumped parameters. The values of parameters 4;, B;, C;
and Dy in (15) correspond to the values from (14).

By linking (15) with (3), (6) and (9) and on the basis
of the characteristics of the coefficients of the long
transmission line: A; = D; and 4;D; — B;C; = 1, the
transmission function of a part of the system of
automatic regulation is obtained in the following form:
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D0y (42 A+ 2 4G | T30
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m___ (16)
142,20 +2, 27| 4+ 2, + 2207 B+ 21,

Equation (16) represents a mathematical model of a
part of the automatic control system, when the long
transmission line is modelled as a “II” segment with the
length /. However, since transmission lines can be
several dozen meters long, then observation of the long
transmission line as a “II” segment with the length /
would not cover the complete dynamics of the very
physical process taking place along the transmission
line. Therefore, the transmission line is divided into n
equal “IT” segments with the length //n for the purpose
of obtaining an adequate mathematical model of a long
transmission line and hence of a described system of
automatic regulation.

123 n-i n

Figure 5. The transmission line divided into n segments of
equal length I/n
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Linking of these equations results in:
|:P1(S):|:|:AL By T _{Pn(s)] (18)
Q)] €L D] 9
Now, the basic elements of the long transmission

line figuring in the polynomials 4;, B;, C; and D, have
the values:

Repl . popl.coct (19)
n n n

By using the program package Matlab, a program
linking (18) with (3), (6) and (9) is written, so that a
mathematical model of the described system is obtained
in the form of the transmission function W;(s) of a part
of the automatic control system for the finite number n
of equal “IT” segments with the length //n.

3. DYNAMIC BEHAVIOUR OF THE SYSTEM
CONTROLLED BY A “P” REGULATOR

The simulation of dynamic behaviour was performed in
the program package Matlab on the basis of the block
diagram of the described system presented in Figure 6.

The transmission function of the open circuit on the
block diagram has the following form:

w
Wor = KaK1 D= Wi(s) = KaWi(s) - (20)

m
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where:
K K K 2
ok — BaDTG Dm

1
(142,21 +2,,71) 4 +(2,+ 2, 2,271 B+ 2:C,

The parameters at which the simulation was
performed: E = 1.44 - 10° N/m’; p = 860 kg/m’; u =
0.033 Ns/m*; R, =R, = 1 - 10" Nm*/m’s™"; Qs = 2.5 -
10 m’/s; d =10 107 m; /=16 m; ¢ = 1290 m/s; D,, =
2.61 - 10° m’rad; B, =1 - 10° Nms; I, = 6.9 - 107
kgm’ B =B, =B, =12 10’ N/'m’; K;c = 1 - 107
V/rad/s.

3 Ka Dp(s) %I% \NI(S) (Dm(s)=
% Krg =

Figure 6. Block diagram of the system
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Figure 7 presents the hodograph of the frequent
characteristic of the open circuit in the 16-meter
transmission line divided into 16 equal segments! To
determine the stability limit, the Nyquist and Bode
criterion was used (Fig. 8) on the basis of which the
value K., for which the system is marginally stable,
was determined. Figure 8 also presents the Bode
diagrams when the line is divided into 4 equal segments,
on the basis of which it can be seen that up to certain
frequencies there are no significant deviations between
the models of the line divided into 16 and 4 equal
segments. The gain limit OK remains the same even
when the dynamics of the long transmission line is
covered by its division into 4 equal segments.

Nyquist Diagram
15
T

I
15

10
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Figure 7. Phase-frequent characteristic OK atn =16, =16
m, Ko =30.3

Figure 9 presents the system response to the unit
step change of input. The comparative presentation of
the system responses for different divisions of the long
transmission line with the length / = 16 m into equal
segments is shown. If n = 0, then the dynamics of the
line, although the line physically exists, is not covered
by the mathematical model. At n = 1, the transmission
line with the length of 16 m is observed as a “II”
segment, and its dynamics is now covered by the
mathematical model of the system. Figure 9 also
presents the system responses at n = 4 and n = 16
segments. As with the frequency criterion, in the time
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domain it was shown that deviations in the response in
the division of the transmission line into 16 and 4 equal
segments is small and can be neglected. Every division
of the transmission line into more than 4 segments gives
slightly better results from the aspect of the system
response. Divisions of the transmission line into up to 3
segments allow considerable deviations in the response
and must not be neglected, before all, from the aspect of
system stability.

This imposes the conclusion that the dynamics of the
transmission line in the mathematical model of the
described system is best presented by the division of the
transmission line into 4 segments of the same length.
Division into 4 segments does not disturb the stability
limit, deviations in the response are small, and the order
of the described system is considerably reduced. For the
line division into 16 segments, the system is of the 34"
order, while for the one with 4 segments, it is of the 10"
order.

Figure 10 presents the system response in the
division of the line into 16 equal segments with
different lengths of / = 0, 4, 8 and 16 for the boundary
gain value of the open circuit K,; = 30.3. On the basis of
the results of simulation shown in Figure 10, it is seen
that at smaller lengths of the transmission line, its
dynamics has a considerably smaller influence on the
behaviour of the whole automatic control system.

On the basis of the results of simulation in the
frequency and time domains of the described automatic
control system controlled by a P regulator, the optimum
number of segments in which the transmission line is / =
16 m long should be divided is determined, and its
dynamics in the overall mathematical model of the
system could thus be adequately covered. It was
established that in the division of the transmission line
of this length, its division into 4 equal segments gives
satisfactory results from the aspect of stability and
response of the described system, and the order of the
system is considerably reduced. Figure 11 presents the
system response in the division of the transmission line
with the length of 16 m into 4 equal segments for three
values of the gain factor of the open circuit K,; = 30.3
when the system is marginally stable, K, = 20.3 and K
= 15 from the range of stable operation of the system.
From these diagrams, it is clearly seen that the reduction
of gain of the P regulator influences the reduction of
step from 111 to 29.9 %. Further reduction of gain
would considerably contribute to the reduction of step,
but it would have negative influence on the error and the
speed of response of the described system.

4. APPLICATION OF CONTROLLERS WITH TWO
DEGREES OF FREEDOM

As the problem of step occurring in these systems cannot
be efficiently solved by a classical P regulator without
disturbing the speed of response and the static error of
the regulated value, a regulator proposed by Horowitz
[12], which enables the correct following of the given
desired reference, is introduced. By introducing the
additional regulator whose transmission function is
Wi(s), the described system is controlled by a regulator
with two degrees of freedom because it has, in addition
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Bode Diagram
Gm=0.0282 dB (at 131 rad/sec) , Pm=0.313 deg (at 130 rad/sec)
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Figure 8. Logarithm frequency characteristic OK atn =16, n=4 and | =16 m K, = 30.3
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Figure 9. The system response in the line division into n =0, 1, 4 and 16 segments at the transmission line length | =16 m
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Figure 10. The system response in the line division into n = 16 segments at the transmission line length | =0, 4, 8 and 16 m

=30.3

and the gain value K
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Figure 11. The system response in the line division into n

value Ky = 30.3, 20.3 and 15
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to the classical P regulator, another regulator according
to the given desired reference (Fig. 12). The transmission
function of the regulator according to the reference V,(s)
has the form Wi(s) = (tr;s + 1)/(7,s + 1). By selecting the
time constants 7; = 0.03 s and 7, = 0.05 s, where it is
obvious that 7, > 7;, which would reduce the speed of
response of the system. Simulation in the program
package Matlab in Figure 13 presents a comparative
diagram of the system responses when it is controlled by
the classical P regulator and the regulator with two
degrees of freedom. From Figure 13 it can be seen that

System: Ws

Peak amplitude: 149
Overshoot (%): 58.3
At time (sec): 0.0348

Step Response

we succeeded in reducing the step from 58.3 to 10.3 %
with a slight reduction of speed of response by about 2
ms, by using the regulator with two degrees of freedom
for control of the system described in Figure 12.

% ’} V, ,—\Dp(s) %):: W ) OJm(S)'

KL
TG

Figure 12. Block diagram of the system controlled by the
regulator with two degrees of freedom
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Figure 13. Comparative response of the system in the division of the line into n = 4 segments at the length of the transmission
line of | = 16m, controlled by a P regulator and the regulator with two degrees of freedom

5. CONCLUSION

On the basis of the analysis in the frequency and time
domains of a transmission system with a long
transmission line, it can be concluded as follows:

o That it is possible to reduce the high order of the
described system several times by adequate
selection of division of the long transmission line
into the optimum number of segments;

e That the reduction of the length of the
transmission line, when possible, can reduce the
influence of dynamics of the transmission line on

FME Transactions

the dynamics of the whole system. The influence
of dynamics of the transmission line on the
behaviour of the whole system increases with the
increase of its length;

e That selection of the corresponding gain of the
P regulator can considerably influence the
reduction of step, and hence the increase of
error and reduction of speed of the system
response;

e That control of the described system by means of
a regulator with two degrees of freedom can
solve the problem of step, with a slight reduction
of the speed of response;
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That design of appropriate controllers with fixed
order can considerably influence the quality of
dynamic behaviour of these systems and
improvement of their performance.
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INPOJEKTOBAIBE PETYJIATOPA ®UKCHE
CTPYKTYPE 3A XUJIPAYJIMYHE CUCTEME
YIIPAB/bAIbA CA IYTAYKUM BOJOBHUMA

HoBak H. Henuh, Bojucnas 7K. ®uiunosuh,
Jbyouma M. lyoomuh

Y oBOM paay je u3NOXeHa MpolJieMarnka cucrema
MyMOHO  YOpaBjbaHOT ~ MOTOpa  ca  JIyrauykuMm
XUApayJIu4YHuM BOAOBUMA, MAaTECMAaTUYKUM MOJICIIOM Ca
KOHLUEHTPUCAHUM TapaMeTpuMa TAe je Jyradyku
XUIPAyJIMYHA BOJA TMOAEJbEH HA n  jeaHakux ,,[1°
cerMeHara. Tako 1OOMjeH MaTeMaTHYKd MOZICH je
BHINET  pela, aid  [OpPUMEHOM  ojrosapajyhe
METOJ0JIOTHje, HeroB pen he OWTH pemyKoBaH W THME
3HaTHO moBehaHa meroBa ymorpeOHa BpemHocT. Ca
aCIIeKTa yIpaBJbamka, OBJIE CE M0jaBJbYje MPOOIEM, KaKo
peunTy npoblieM yIpaBibama 00jeKTa BHIIET pela, jep
CY Y HHAYCTPH]jCKO] MPAKCH NPUCYTHU CaMO PEryIaTopH
¢uxcue crpykrype (I1, TIW, [THN]J]) a Tpeba ynpassbaTu
oOjexktoM Bumier peaa. OBaj paja HpeacTaB/ba MOYSTAK
UCTpaXKMBama y IHJbY JepUHHCAA METOIOJIOTH]E
CHHTEe3e  peryinaropa  (UKCHE  CTpPyKType  3a
XUJpayJINYHE CUCTEME ca JYrayKHM BOIOBHMA KOJU Cy
OIMMCHU MAaTEMAaTHIKUM MOJICIIMa BHIIET pelia, Takole,
y BeMy je oOpaljeHa m MeTooN0THja MpojeKToBama 11
perynaTopa 4mjuM ce yBol)eEleM y 3HATHOj MEPH MOXKE
yTUIATH Ha MO0OOJBIIAKE KBAJIUTETA JHHAMHYKOT
MOHAIIIaha OBUX CHCTEMA.
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