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The paper describes the development of a mathematical model of

trochoidal gearing with clearances. Gearing of a trochoidal pump’s gear
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set with an outer gear having one gear tooth more than an inner gear is
analyzed. The inner gear tooth profile is described by peritrochoidal
equidistance and the outer gear profile by a circular arc. Upon the basic

principles of ideal profile generation, a mathematical model of gearing
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with clearances is developed. Using an analytical model, the calculation
of the minimal clearance between gear teeth profiles is done. On the basis
of the analytical calculation conducted on real pump’s gear set, the

influence of geometrical parameters of the profile on coupling with
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variation of the clearance is analyzed. The obtained results can be used
for investigation of driving torque pulsation and for calculation of pump’s
volumetric losses.

Keywords: trochoid, gearing, clearances.

1. INTRODUCTION

Trochoidal pumps, widely known as a gerotor pumps,
belong to the group of planetary rotated machines. Their
kinematics is based on the principle of planetary
mechanism with the internal gearing. Gerotor pumps are
generally designed using a trochoidal inner gear and an
outer gear formed by a circle with intersecting of
circular arcs. Due to this principle, designers of engines,
compressors, machine tools, tractors and other
equipment, which require hydraulic systems, can build
pump components integrally.

Trochoidal gearing, due to numerous advantages,
are in the research focus of many scientists. Ansdale
and Lockley have derived equations which define
geometry of trochoidal profiles applied for Wankel
engine design [1]. Colbourne presented an analytical
model to calculate the force at each contact point by
neglecting friction, and by that, the maximum contact
stress in the gear teeth was obtained. The paper [2] also
indicated that the main difficulty in calculating the
contact stress is to determine the force that is
transmitted through each contact point. Since there are
many contact points, at any instance, the problem is
statically indeterminate. Robinson and Lyon analyzed
modification of epitrochoidal profiles of rotary pumps.
They showed that equidistance of basic conjugated
curves satisfies the fundamental law of gearing and that
it can be applied for the definition of gearing profile
[3]. Maiti gave detailed analysis of geometric,
kinematic and functional characteristics of rotating
machines with gerotor mechanisms [4,5]. He developed
an analytical method for contact stresses calculation
that can be applied for epitrochoidal hydraulic pumps
and engines. The developed theoretical model is
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illustrated by numerical examples. Beard et al. [6]
derived the relationships that show the influence of the
trochoid ratio, the pin size ratio and the radius of the
generating pin on the curvature of the epitrochoidal
gerotor. Shung and Pennock [7] presented a unified and
compact equation for describing the geometry, the
geometric properties of the different types of trochoid
and the geometric properties of a conjugate envelope.
Blanche and Yang [8] developed an analytical model of
the cycloid drive with machining tolerance. They
investigated the effect of machining tolerance on the
backlash and torque ripple. Litvin and Feng [9]
investigated the envelope’s relation to surface family
by considering the envelopes formed by several
branches for cycloidal pumps and conventional worm
gear drives. Demenego et al. [10] developed computer
program for tooth contact analysis (TCA) and
discussed avoidance of tooth interference and rapid
wearing through modification of the rotor profile
geometry of a cycloidal pump whose one pair of teeth
is in mesh at every instant. Paffoni [11] used vector
analysis to precisely describe the geometry of a
hydrostatic gear pump from which full general
parametric equations are deduced. Paffoni et al. [12]
describes the teeth clearance influence on the tooth
number contact in a hydrostatic pump in which circular
arc profiles are used. Gamez-Montero et al. [13]
presented a simplified analytical model of a trochoidal-
type machine when friction at the contact points is
neglected. The study [13] presented the calculation of
the maximum normal contact stress by finite-element
model and then compared it with experimentally
obtained results on the prototype model through
photoelasticity measurement techniques. Hwang and
Hsieh [14] proposed the method of how to correctly
determine the region of feasible design without any
undercutting on the outer and inner rotor profiles. The
non-undercutting equations are derived by the theory of
gearing and the region of feasible design is determined
by considering the non-undercutting curves of the inner
and the outer rotors.
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The objective of this paper is to develop a
comprehensive model of trochoidal gearing with
clearances based on described investigations, which
can be applied to all teeth at every moment of
meshing. Besides, by setting up certain kinematic
relations, the model can be used not only for gearing
pairs with orbital motion, but also for those with
stationary axes. The paper deals with kinematic pair
model with outer element being stationary, while the
inner one does the planetary motion. It is adopted that
all deviations from theoretical measures are reflected
on modification of trochoidal profile of the inner gear.
Minimum clearances between teeth were analyzed
subsequently.

2. MATHEMATICAL MODEL OF THEORETICAL
TROCHOIDAL PROFILES

A theoretical model for generation of gearing with
peritrochoidal profiles based on double trochoid
realization theorem 1is developed in this paper.
Simultaneously the coupling between all gear teeth is
obtained at trochoidal gear sets with theoretical gearing
profiles and it is illustrated by the example of a gear

pump (Fig. 1).

Figure 1. Numeration of teeth and chambers of trochoidal
pump

It is necessary to numerate contact points and all
gear teeth in order to determine which gear teeth are
coupled during gear teeth modeling and coupling
simulation. Figure 1 illustrates the numeration of teeth,
contact points and operating chambers at initial moment
and for gear set with z = 7 chambers. Thereafter, the
outer gear teeth are marked with i = 1, 2, ..., Z,
corresponding chambers with K;, while for inner gear
teeth, marks j = 1, 2, ..., z—1 are adopted. Since
common normal of the coupled profiles go through
point C that represents the instantaneous pitch point, it
means that trochoidal profiles of all inner gear teeth
simultaneously touch circular profiles of outer gear
teeth at points Py, P,, ..., P,.

At real designs, simultaneous coupling between all
gear teeth at every moment is not possible for the
following reasons:

o real profiles are manufactured with technological

clearances necessary to prevent the occurrence of
jams,
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« errors due to assemblage and manufacture may
cause profiles to interfere,

o abrasive particles transported by the pump may
cause wear of the profile, which provokes increase
of clearances between profiles, as a consequence.

Although gear teeth clearances are inevitable, they
may lead to fluid losses and occurrence of additional
dynamic forces, decrease stability and increase noise
and vibration, particularly at high speeds.

Due to reasons mentioned above, this paper deals with
modeling of coupling between real profiles. Therefore, it
is assumed that all deviations from theoretical measures
affect the modification of inner gear’s trochoidal profile. If
toothing profile of the inner gear would have larger
dimensions than ideal, a mechanism could not be
mounted, due to the simultaneous touch between all gear
teeth. Hence, deviations may be modeled as constant
decrease along axes normal to ideal trochoidal profile.
Consequently, the applied coordinate systems will be the
same as in the mathematical model of theoretical profiles
and all equations will be developed for trochoid’s
coordinate system.

Since there is simultaneous coupling of all teeth at
trochoidal gearing, general equations of profile points’
coordinates applicable to all gear teeth must be
determined. Generalization of geometrical relations
between rotation angles of elements of trochoidal gear
set is necessary for derivation of coordinates of any
contact point P;. We adopt the model of kinematical set
where the outer element (the envelope) is observed as
fixed, while the inner element (equidistant of a
peritrochoid) performed planetary motion (Fig. 2).

Figure 2. Gear set layout of trochoidal pump with basic
geometrical variables

In addition, it is assumed that the driving shaft is
connected to the inner element through eccentric gear,
causing that all equations should be expressed as
functions of the driving angle, labeled as .

Before analyzing the kinematical relations during
coupling of ideal trochoidal profiles, the coordinate
systems and geometrical relations between rotation angles
in different coordinate systems have to be introduced and
applied throughout the modeling approach.

Figure 2 shows basic geometrical relations during
the generation of peritrochoid adopted for definition of
the basic profile of the considered gear pump. The
center and the radius of moving (generating) circle are
denoted with O, and r,, respectively, while O; and r;
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denote the center and the radius of a fixed (basic) circle.
Peritrochoid eccentricity, e, is a distance between the
two centers of circles. The coordinate system, OgXy;, is
connected to the center of a moving circle. The
generating point, Dj, is the point that moves along by
trochoid, located on the X; axis at the distance d from O,,
and represents the radius of the trochoid. The line that
connects the centers O; and O, and runs through the
contact point of the two circles (the pitch point, C)
determines the reference line. In order to present the
trochoidal profile in an analytical form, the trochoid’s
coordinate system Oy, is introduced and its origin is
set at the center of the fixed circle with an abscissa
running through the initial contact point between the
presented  kinematical circles. The envelope’s
coordinate system, O,XaYa, is connected to the center of
the moving circle. All coordinate systems are right-
handed. At the initial moment, the positive part of the X;
axis of inner gear is connected to the initial gear tooth’s
top land, while the positive part of the x, axis of the
outer circle coincides with the centerline of the coupled
gear tooth. The angles are assumed to be positive when
measured in counterclockwise direction.

Since the position of profile points is observed in
relation to different coordinate systems, the application
of coordinate systems transformation is necessary and
the simplest form to describe their equations is the
matrix form. Generally, transition from S; coordinate
system to the next, Sy, is determined by the equation of
coordinate transformation in the form of:

rn =Mpr, ()

where: r;j is the position vector of profile contact point in
coordinate system S, r, is the position vector of the
same point in coordinate system S,, My is the
coordinate transformation matrix from coordinate
system S; to coordinate system S,.

The following matrices of the third order are defined
for coordinate transformation:

COSL —sinL —ecosz—l//
z-1 z-1 z-1
My = sin cos - —esin¥ ,
z-1 z-1 z-1
0 0 1
cos2—  sin—2— ecosy
z-1 z-1
v v .
M, =| —sin—— cos—— esin . 2
at 71 71 14 (@)
0 0 1

The angle 7; between the centerline of the outer
gear’s tooth (coordinate axis Xj) and coordinate axis X,
can be expressed in the form of:

n(2i—1
f o FQID
z

3

while, for the adjacent profile, this angle can be
calculated by the following expression:
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n(2i+1)
—

Tis1 = @
Generalization of the profile equations of the outer

gear can be done in the following manner. The gear

tooth profile i = 1, is defined with the vector equation:

X(a) ezAcos I
Dy z
. T
rg;) = y(Dal) =| ezA sm; , 5)
1 1

where A is the coefficient of trochoid, A = d/ez.

Since teeth are equally spaced, their mutual angular
distance in relation to the corresponding axis of rotation
is:

Ta :7. (6)

Coordinates of other gear teeth points can be
obtained by rotation of the already known coordinates
of points of gear tooth profile for an angle determined
by the relation (Fig. 2):

2.
T =—1. 7
i =" ™
Thereby, the position vector of the contact point at
the profile of the i-th gear tooth of the outer gear is
defined by matrix equation:

i = L ®)

where L;; is the transformation matrix of coordinates of
the contact points P, to P;:

costyj —sinzy; O
Ljy =|sinz,; coszz 0. ©)]
0 0 1

Now, vector equations for the point D; of the center
of circular gear tooth profile can be written in the
envelope’s coordinate system as:

@
Di ez cos 7j
rI(D?): yg’:) =|ezAsin |. (10)
1
1

In the trochoid’s coordinate system, by the use of
transformation matrix, the vector equation of the point
D, is:

z
ezAcos ri+L —ecos—y
1 z-1

Dj

rgl) = Mtar(a) = ez/isin{z'i +LJ—Esinit// .(11)
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The position vector of the contact point P; in the
envelope’s coordinate system can be written in the form
of the following matrix relation:

(@)
R e{zAcosz —ccos[7j +6 |}
l.(Iél) _ ygj‘) = e{z/lsinri—Csin[ri+5i]} , (12)
1
1

where C is the equidistant radius coefficient, ¢ = rc/e.
The angle & is defined as the gear mesh angle and
calculated by the following equation:

| n2i-1)
sm[Z (//}
A—cos {75(2;_1) - !//}

After the application of coordinate transformation,
(12) has the following form in the trochoid’s coordinate
system:

6j = arctan

(13)

t
ré,l) = Mtar|(:|a) =

zA cos[z’, +L} —cosil// -

z-1 z-1
e
—Ccos{ri+L+5i}
z-1
- lein[ri+L}—siniz/1— . (14)
o z-1 z-1

—Csin[z’i +L+5i}
z-1

1

Derived equations enable modeling of gear set
meshing during rotation and determination of necessary
parameters for any teeth couple at an arbitrary moment.

gear tooth that is in contact

| Oa

Figure 3. Kinematical model of a gear set with clearances
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3. MATHEMATICAL MODEL OF TROCHOIDAL
PROFILES WITH CLEARANCES

Geometrical and kinematical model of trochoidal gear
set with theoretical profiles described in the previous
section are used as the basis for the analysis of real
profile’s meshing. Real profile of the inner gear will be
generated as equidistant of a basic trochoid with
equidistant radius greater than the theoretical one by a
clearance size &

=r+e. (15)

Thereby, equations of the trochoidal profile with
tolerances have the following form in the coordinate
system of trochoid:

Zﬂcos{r, +V/—*:|—COS(£J—
z-1
] ,(16)

—(c+¢ )sm{rﬁé +Z :l

e

—(c+&")cos {r,

*(t
rpl(): lein{ri v :l—sm{
Z—

e

N

where is £ = gle.

At gear sets with theoretical profiles and ideal
geometrical measures, the transfer of motion is done
with constant ratio. However, as operating elements of
the pumps are manufactured with tolerances, the
existing clearances in the mechanism make the input
shaft to rotate for an angle before the inner gear begins
to rotate. That is, the real position of the gear with
trochoidal profile delays (demonstrates ,,lagging®) after
its theoretical position during rotation.

Wi
D D imaginary gear tooth
a9, I theoretical profile
e real profile
ks

~_, r
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The angle between the theoretical and real position
of the inner gear is called the lag angle [8], and is
denoted as 46 (Fig. 3).

Usually, it is not known in advance which gear tooth
of the outer gear is in contact with the trochoidal gear.
Therefore, in order to determine the lag angle, it is
necessary to identify the gear tooth that, for a given
angle of rotation of the input shaft, y, would get in
contact and then to determine a corresponding lag angle.
The change in value of the rotation angle induces the
change of the gear tooth engaged and the lag angle.

In further analysis it is assumed that the engaged gear
tooth is known and that it is necessary to determine the
gear lag angle. Geometrical relations that apply to the
real profile are given in Figure 3. Based on presented
relations, necessary equations for determination of the
lag angle can be derived. At the initial moment, the inner
gear is in position concentric with the position of the
theoretical profile. The vector of the centre of a circular
gear tooth profile arriving to contact is marked as rgi) .
In order to simplify the analysis, an imaginary gear tooth
of a circular shape is introduced. This imaginary tooth
rolls over the trochoidal gear surface until the intensity
*(t)
bi
in trochoid’s coordinate system, reaches the intensity of

of the vector r, that defines the position of its center

the vector rgi) . Then, the relative position of imaginary

and trochoidal gear tooth corresponds to the position that
real gear tooth with circular profile and trochoidal gear
will take at the moment the contact is achieved. Since
trochoidal gear rotates in the direction opposite to the
direction of the rotation angle of input shaft, the lag
angle will have the same direction as input angle.

To determine the position of the center of the
imaginary gear tooth, we analyze the moment when the
contact with the trochoidal gear is achieved. At that
moment, gears are in contact and have a mutual normal
that runs through the center of the circular profile.
Furthermore, it is clear that the center of the circular
profile is located at the normal that runs through the
contact point of the real trochoidal profile, at the
distance r. from the contact point. Taking this fact into
account, as well as the (14), the equation that defines the
position of the center of imaginary gear tooth at the
moment of contact can be defined as:

. _
Yi zZ  x
zZAcos| 7, +—— |—cos| — ;i |—
{' z—l} (z—lw'j

e
" cos{ri +5 +w—i1
z-1

s(t) _ * .

oy = Z/Isin{z'i + 2 ljl—sin(—z ly/i j_ - (17)
Z_

e

—&" sin {Ti +6; +%1
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As it was mentioned before, in order to make a
contact, it is necessary that vectors, defined by (11) and
(17), have the same intensity S;, which is described by:

2
O =a?. (18)

2
M| _
oi| T|"o;

The expression for determination of the position
vector intensity of the real gear tooth center that comes
in contact is obtained from (11) in the following form:

B, =¢’ {1+ 2222 ~ 22/ cos[z; —y/]} . (19)

Similarly, based on (17), an expression for
determination of the position vector’s intensity of the
imaginary gear tooth center that comes in contact is
obtained in the following form:

(rp, )y =¢? {1 +222%2 + (M -224 cos[ri —y/i*]—
226" cos & +2¢" cos [Ti +6 —yi ]} . (20)
Substituting the (19) and (20) in (18), the final

equation for determination of the imaginary angle l//i* that

represents the angle of rotation during generation of the
contact point of the real trochoidal profile, is formed as:

(6")?

cos[rj —w ]+ 77

* * *k
—cos[ri - i ]—g cosdj +

*

+j7cos[ri+§i*—wa:0. (21)

Equation (21) is transcendent trigonometric equation
and angle w; cannot be explicitly expressed, but the
solution is gained by iterative procedure. Then, the
solution of (21) is used to determine the lag angle.

The lag angle is determined as a difference of the
angles @ and & between the coordinate axis X and

(®

vectors I, and I‘S(it) , respectively (Fig. 4):

46, =6, -6, (22)
where

y(t)
Dj
©; = arctan—— (23)
x(®
Dj
and
*(t)
Yo
i
O (24)
Dj

*
©; =arctan

X

Consequently, potential values of lag angles can be
determined by variation of the ordinal number of the
gear tooth with the circular profile, i =1, 2, ..., z. A real
value of the lag angle will be the one that defines the
minimum distance W; between the circular gear tooth
profile and the real trochoidal profile in theoretical
position, for a given angle of rotation, . That distance
can be determined according to the following relation:
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. A6 .
w; = 28g; smT',I:l,Z, v, L (25)
///,_\\\\
/ S \\\
Di ll
A \ \ A0 D /
4 {
;: 1 — \\\\
v N
A
C +
- C
[ i O
Ot \\
AAVA
Oa | )& Xa

o, ' 0 -
VI ik
/
Figure 4. Geometrical relations for determination of the lag
angle

Comparing the calculated values of the distance and
identifying the minimum one, a gear tooth of a circular
profile that is in contact with the trochoidal gear and the
corresponding lag angle will be known, for every value
of the rotation angle of the input shaft as:

wA = min (W, Wy, .., W,) — 46.  (26)

Now, we can determine the minimal value of the
clearance between the gear tooth profiles. We analyze
the moment when the contact between real profiles is
achieved, as shown in Figure 5.

Figure 5. Geometrical relations for determination of the
minimal clearance

Identification of the gear teeth that are in contact is
conducted for the given values of the reference angle
and the corresponding angle A8 is determined. Between
the other teeth pairs there exist the clearances, defined

122 = VOL. 39, No 3, 2011

by a mutual distance between points P, and P, at the
gear teeth profiles of the inner and outer gear,
respectively. This distance of the points will be minimal
at the position where the profile tangents are parallel to
each other, that is, when these points lay on the common
normal of the profiles. Since the outer gear teeth profile
is circular, its normal always runs through the center of
the circular arc (point Dj). Considering this, it is
necessary to define the axis that is perpendicular to
trochoidal profile and runs through the point D;. Firstly,
the general form of the equation of normal to the
trochoid curve is defined. Then, the value of the angle
that defines the position of the point P, of the trochoidal
profile, through which the common normal runs, is
identified by variation of angle y; for the observed gear
tooth i of the outer gear.

In the case when the curve is expressed in a
parametric form, the equation of the normal at point
Pt (X4, yy) of that curve is defined in the following manner:

d dx
Y — YO =~ — )L, @7)
dy dy

where: X, and Yy, are the coordinates of the point of
where the normal cuts modified trochoid, X; and y; are
the coordinates of the point-form modified trochoid,
defined by (16).

It is necessary to determine the coordinates of the
circular profile center in trochoid’s coordinate system,
after its rotation by the angle 46.

Coordinate transformation in the form of matrix
equation is applied:

A
(™) _ O _
Dy _[ MnA}rDi a

e{zicos[ri +L—A9:|—COS[LI//—AQ9J}
z-1 z-1
= e{zﬂsin[ri +L—A6’}—Sin(iw—4]6]} .(28)
z-1 z-1

1

where the coordinate transformation matrix is:

cosA0 sinA6 0
[MttA]: —sindf cosA6 0|.  (29)
0 0 1

Starting from (27) and (16), considering (13), the
final equation for determination of angles yj; that define
the position of points Py can be written as:

. v :
zZcos {ﬂ(2|—1)+i'1}+/12cos [Ti +ﬂj—
- z

Yn _
—(c+&") 8 cos (Ti +L'1+5i)
Z—

. Yal/e )
zsin| (2~ 1)+ -2 |+ Azsin| ; +-20— |-
z-1 z-1

—(C+5*)5i'sin(ri+L'1+5ij
Z_
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Az(z-1)sin(7j —yi)+

+e|  +Az(c+eN(1-&)sing+ |[=0 (30)

+(C+8*)(5i’—Z)Sil’1 (Ti =Y +5i)

A Ay o dS
where X, :X(Dti ), Yn :y(Dti ), o =d—'.

This equation is transcendent and it can be solved by
iterative procedure. Obtained solution is used for
determination of normal distance between points D; and
Py, which is defined by the well-known relation from
analytical geometry:

1
DiRi =| (v, —vRy) >+ (o, —gy) > |2 G

Finally, minimal clearance between gear teeth
profiles can be calculated as follows:

(hmin)i = Dipﬁ I, i= 1,2, vee s L. (32)

By using the analog procedure, the values of the
observed parameters can be determined for every value
of the angle of rotation, .

The corresponding programs for calculation of the lag
angle and the value of the minimal clearance between the
gear teeth profiles are formed based on presented
mathematical model [15]. The programs are tested for
given values of geometrical parameters and the value of
technological clearance. Based on calculated values, the
diagrams of the variation of clearance height during
rotation are drawn. Graphical interpretation of the
obtained results is given in the following section.

4. TEST RESULTS OF THE PROGRAM FOR
CLEARANCE CALCULATION

In this section of the paper, the influence of the rotation
angle, i, trochoid coefficient, A, and technological
clearance, ¢, to the clearance height, h,;,, between the
non-contacting teeth profiles of the gear pump with
trochoidal gearing is given. For that purpose, the
program for identification of gear teeth in contact and
calculation of the minimal clearance height between the
gear teeth profiles is tested for two different gear sets
with the geometrical parameters given in Table 1.

Table 1. Parameters of the trochoidal pump’s gear sets

Parameters for both gear sets:
z=06,e=3.56 mm, £=0.07 mm, rs=26.94 mm

Gear set | Gear set 11
A 1.375 1.575
c 2.75 3.95

Variation of the clearance height is analyzed for a
period of one revolution. In the case when the criterion
hmin < 0.001 mm is satisfied the program assigns the
height of hy,;, = 0 to the computational clearance height.

Graphical presentation of the results analysis is
given in Figure 6. Periodical variation of the clearance
height is noticeable on the graphical presentation and
the variation period corresponds to one revolution of the
driving shaft. In addition, it can be noticed that chart
flows of clearance height variation are equal for all
chambers, and only shifted in phase.

The value of phase angle is equal to the value of the
angle that defines one phase of fluid distribution in the

@ 0.16 0.16 -

El 0.14 7 geartooth 1 | & e A <-
£ 0121 gear tooth 2 E 0121 /
§0 0.11 gear tooth 3 En 0.1 /

% 0.08 1 gear tooth 4 —% 0.08 1

§ 0.06 1 gear tooth 5 % 0.06

E 0.04 1 gear tooth 6 E} 0.04

© 0.02 A © 0.02

0 0 T \ \ \ \
0 0 10 20 30 40 50 60
input angle [°]

(®) o.16 0.16 T—

£l 0.14 gear tooth 1 El e e N
E 0121 gear tooth 2 £ 012 /
ED 0.1 gear tooth 3 %{) 0.1 7 /

-%: 0.08 1 gear tooth 4 % 0.08 1

% 0.06 gear tooth 5 % 0.06

§ 0.04 1 ----- gear tooth 6 ‘E 0.04 7

© 0.02 © 0.02

0 0 T T T T T
0 60 120 180 240 300 360 0 10 20 30 40 50 60

input angle [°]

input angle [°]

Figure 6. Variation of clearance height during one revolution (left) and one phase (right): (a) A =1.375 and (b) 4= 1.575
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chamber and in concrete example, it is equal to yy = 2n/z =
60°. Thereby, variations of clearance and other
characteristics can be observed only for a period from 0 to
w. Figure 6 presents chart flows of clearance variation in
all chambers during that period. From the given graphical
presentation, the clearance value can be read and some
conclusions can be drawn. The same gear couple stays in
contact during one phase — the couple whose ordinal
number is greater than ordinal number of fluid distribution

(a) 0.16
0.14 |

—A=1.375

— A=1.575

e e
o = N
!

0.06
0.04
0.02

0 T T
0 20 40 60

input angle [°]

clearance height [mm]

0.04 -

5 5

o >

[\S) w
| |

clearance height [mm

0.01 1

O T T
0 20 40 60

input angle [°]

~

e) 0.15
0.14
0.13
0.12
0.11

0.1
0.09 -

0.08 ‘ '
0 20 40 60
input angle [°]

clearance height [mm]

— A=1.575

phase by one. Consequently, in a short angular interval,
there is simultaneous meshing of two adjacent gear teeth.
Diagrams show peaks, the first and the most expressive of
them taking place at the moment when the contact between
adjacent couple of gear teeth ends, while the second of
them takes place after a period that corresponds to one
phase angle. Further decrease in clearance has nearly linear
character with noticeable deviation at the moment when a
new couple of gear teeth comes into contact.

(b) 0.014

0.012 A —A=1.375

0.01 1 ——=1.575

0.008 -
0.006 -
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Figure 7. Comparative diagrams of minimal clearance height variation: (a) gear tooth 1, (b) gear tooth 2, (c) gear tooth 3, (d)

gear tooth 4, (e) gear tooth 5 and (f) gear tooth 6
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Comparative diagrams of the influence of parameter
A on the clearance height are provided in the Figure 7 as
well. Diagrams in Figures 7a, 7d and 7f show that the
clearance height at the first and the fourth teeth couple
increases with the increase of parameter A in the first
half of the phase period, and decreases at the sixth gear
teeth couple. At the second half of the phase period, the
situation is inverse. Diagrams in Figures 7b, 7c and 7e
show that decrease of parameter A induces greater
clearances at the second and the third gear teeth couple
and smaller clearances at the fifth couple. Diagrams in
Figure 7a show that the length of the interval of double
couplings are bigger for smaller values of parameter A.

The values obtained through the presented analysis
can be used for calculation of volumetric losses of the
pump and for the analysis of their influence on pressure
variation in chambers.

5. CONCLUSION

The following conclusions summarize the research
results:

e Generalization of gear tooth profile equations
enables modeling of gear set meshing during
rotation and determination of necessary
parameters for any tooth couple at any moment;

e Mathematical model of toothing profiles with
clearance enables identification of teeth that are in
contact and determination of instantaneous minimal
clearance height between gear teeth profiles;

o Computer program for modeling and simulation
of meshing of gear sets with real profiles is
written based on mathematical model. Thus,
mutual position of gear set elements in different
mesh phases can be followed and analyzed;

e The program was tested on real example and
graphical interpretation of obtained results shows
that trochoid coefficient has an influence on
double coupling interval;

e Developed mathematical model can be used in
the analysis of the influence of technological
clearance height on functional characteristics of
the pump.
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NOMENCLATURE

coordinate system attached to the

X . .
Oaxiy1 generating point
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coordinate system attached to the internal
gear

coordinate system attached to the external
gear

fixed coordinate system

center of the internal gear and the external
gear, respectively

pitch point

generating point

teeth number of the external gear

teeth number of the internal gear

center distance between the internal and
external gear (eccentricity)

radius of pitch circle of the internal gear
n=e@z-1)

radius of pitch circle of the external gear
r,=ez

radius of equidistance

equidistant coefficient

distance joining the generating point D
and the center of the external gear
contact point on the profile of the internal

gear and the contact point on the profile of

the external gear, respectively

chamber

intensity of the position vector of the
generating point D

distance between the circular gear tooth
profile and the real trochoidal profile
clearance height

Greek symbols

¢
A

)
%

T

generating rotation angle

trochoid coefficient

leaning angle

referent rotation angle

angle between coordinate axis X; and
coordinate axis X,
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Ty angular pitch

& technological clearance

0 angle from the axis X, to the axis X;
A0 lag angle

e position angle of point D

e; position angle of point D°

Superscripts

t trochoide

a envelope

f fixed

: with tolerances
A in contact

OJPEBUBAIBE BEJIMYNHE 3A30PA UBMEBY
3YBAIA TPOXOUJIHE ITYMIIE

Jlo3uua T. Usanosuh, Muaan /I. Epuh, baaxka K.
Crojanosuh, Anapeja b. Wimh

VY 0BOM pajy je omucaH pa3Boj MATEMAaTHYKOT MoOJela
TPOXOHUIHOT 03yOJbeHa ca 3a30puMa. AHATH3UPAHO je
03y0Jbee 3yI4yacTor Iapa TPOXOUIHE IyMIle, KOX
KOjer CHoJpallliby 3yMYaHUK MMa jeJaH 3y0all BUILE OJ1
yHyTpammer. [lpodun yHyTpammer 3ymyaHHKa je
OIMCaH EKBUINUCTAHTOM TIEPUTPOXOHUJIE, & CIIOJbALIET
KpyXHHM JykoM. [lonmasehin ox OCHOBHHMX HpHHIHMIIA
reHepHcama  HICATHOT  mnpoduia  pa3BHjeH  je
MaTeMaTH4ykd Mozend o3yOsbema ca 3asopuma. Ha
OCHOBY JOOHMjEHHX aHAIWTHYKHAX H3pa3a MpopadyHaTe
Cy MMUHUMAaJIHE BHCHHE 3a30pa nsMely npoduina 3ybdarna.
Ha xoHKpeTHOM mnpuMepy aHaIM3UpaH je YTHIA]
TEOMETPUjCKUX TIapamerapa npoduia Ha IpoLec
cIpe3ama M TOK IPOMEHE BUCHHE 3a3opa. JloOujeHn
pesyiTaTH MOTy Ja ce€ KOpHUCTE 3a MWCIHTHBAmkE
ImyJ3alyja ITOTOHCKOI MOMEHTa, Kao W 3a IpopadyyH
3alPEMHUHCKUX TyOHTaKa ITyMIIe.
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