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The paper focuses on available tools for conducting random vibration
analyses for practical engineering problems. An inherent aspect of this
theme is the simultaneous existence of elements with linear behavior, and
of elements with nonlinear behavior within the system. In this regard,
techniques both for linear and nonlinear random vibration analyses are

discussed. Attention is focused on traditional techniques such as statistical
linearization, and Monte Carlo simulation. Further, emerging techniques,
such as wavelets, as a tool for signal and response localization; and
fractionalcalculus, as a tool for capturingnon-localbehaviorare discussed.
Pertinent examples of the application are considered.

1. INTRODUCTION

Several tools and concepts are necessary for the
development of a formalism enabling the capturing and
description of uncertainty in the context of random
vibration analysis. These must be supplemented by
traditional concepts of a vibration analysis such as
impulse response function, in the time domain; and
transfer function, in the frequency domain. The
combination of the probabilistic formalism and of the
“solution machinery” of vibrations theory lead to
celebrated results such as the relationship between the
power spectrum of the input, the power spectrum of the
output, and the modulus of the transfer function of a
vibratory system. For nonlinear random vibration
analysis, these concepts can be extended by using
perturbation techniques and generalized tools such as
the Wiener-Volterra representation for the response of
nonlinear dynamical systems.

2. RANDOM VIBRATION ANALYSES

Beyond the classical formalism of linear random
vibration analysis, four (4) additional tools are discussed
within the context of traditional and emerging solution
techniques.

First, the concept of statistical linearization is
discussed as a tool for conducting random vibration
analysis of nonlinear systems. The fundamental concept
of the method is the replacement of the nonlinear
dynamical system by a surrogate (equivalent) linear
system which lends itself to treatment by the standard
input/output relationships mentioned above. This
replacement is conducted by determining a set of
parameters (equivalent linear stiffness and equivalent
linear damping) which minimize in a stochastic sense an
appropriate measure of the error between the outputs of
the linear and nonlinear systems. Further, invoking a
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reasonable approximation for the system response
statistics, the elements of the equivalent linear system
are determined by quite convenient formulas. In this
particular version, the method of statistical linearization
has proved as a quite versatile tool for conducting
random analysis for multi-degree-of-freedom systems
encountered in engineering practice which are exposed
to either stationary or non-stationary excitations, and
which exhibit either elastic or inelastic (hysteretic)
nonlinearities.

Secondly, and from a certain perspective in
conjunction with the concept of the evolutionary power
spectrum, the possibility for temporal and spatial
localization offered by the wavelets families is
discussed. In this context, it is emphasized that many
natural phenomena, for instance earthquakes, exhibit
frequency content which is changing in time. In this
regard, the notion that wavelets can be construed as a
“mathematical microscope” is pointed out. They can be
viewed as a two-parameter version of the classical
Fourier series expansion involving parameters reflecting
translation and dilation in the time domain. This
eventually affords the representation of the unfolding
characteristic of a particular signal both in time and
frequency. Various families of wavelets are considered.
Further, issues and solution procedures pertaining to the
response of linear and nonlinear oscillatory systems
exposed to random processes with evolutionary spectra
represented via the wavelet transform are discussed.

Thirdly, the concept of fractional (better, non-
integer) order derivatives is introduced as a tool for
capturing local effects for vibratory systems excitations
and responses. In this regard, the fractional derivative of
an arbitrary signal is construed, under appropriate
conditions, as the inverse transform of the product of the
Fourier of the original signal with an arbitrary power of
the imaginary axis frequency. From another perspective,
it is emphasized that in the discrete domain the
fractional order derivative is calculated\ as a linear
superposition of previous values of the signal with
weights decreasing away from the current point of
definition of the derivative. In this context, fractional
calculus offers the feature of a representation with “non-
local” and “fading memory” characteristics. This
modeling has proved fruitful in several fields, and
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appropriate tools have been developed for conducting
random vibration analysis of dynamic systems endowed
with fractional derivative terms which are exposed to
stochastic excitation. It is emphasized that appending a
fractional derivative term in the equation of motion of a
dynamic system alters both its stiffness and its damping
characteristics.

Fourthly, the possibility of encountering randomness
in vibratory systems, not only in terms of the excitation,
but also in terms of the characteristics of the vibratory
system is noted. In this regard, and with emphasis on
continuous vibratory systems, uncertainty quantification
is discussed within the framework of the Stochastic
Finite Element Method (SFEM). In this context, it is
noted that a particular representation of the randomness
of the continuous afforded by the classical Karhunen-
Loéve expansion is particularly expeditious for finite
element analyses.

3. DISCUSSION AND CONCLUSION

Finally, the technique of Monte Carlo simulation is
discussed. This is a particularly versatile technique
which applies to systems with either deterministic or
random parameters, and either deterministic or random
excitations. Practically, a statistical population or
relevant system responses is generated, in a sense of a
“computational laboratory”, by sampling from
distributions which describe the parameters defining the
dynamics systems and its excitation. Obvious relevant
issues regarding the synthesis/simulation of random
deviates and stochastic processes with specified
probability densities are addressed. Further, attention is
focused on the problem of generating stationary and
non-stationary random processes samples which are
compatible with a target power spectrum (stationary or
non-stationary). In this context, the significant drawback
of the computational burden associated with the
repetitive calculations involved in Monte Carlo
techniques is pointed out. Nevertheless, it is also noted
that it is the most versatile solution tool for any dynamic
system which is defined in a stochastic setting.
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TPAIULIUOHAJIHE 1 HOBE TEXHUKE Y
AHAJIN3U PEAJTHUX
CJIYYAJHUX BUBPALINJA

PD Spanos
1. yBO[4
OBaj paj TOBOPH O JOCTYITHHM ajaTUMa 3a CIIPOBoherbe
aHaM3a CIlydajHUX BHOpamuja y HHXCHEPCKIM

mpobmemmma. [locebaH acmekT oBor pama ce OaBu
CHUMYNITaHUM IIOCTOjabeM eJeMeHaTa ca JIMHEapHUM
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NOHAllatheM ¥  eJeMeHaTa ca  HeJMHEapHUM
NOHAlIakheM YHyTap cucteMa. Y TOM CMHCIY
pa3sMOTpeHe Cy TEXHHKE Koje ce 0aBe aHATU3UPABEM U
JIUHCAPHUX W HEJIUHEAPHUX CIIyYyajHUX BHOpalmja.
[MoceObna mnaxma mnoceeheHa je TpaaAUIMOHAIHUM
TEeXHMKaMa Kao LITO Cy CTATHCTHYKa JIMHeapu3auuja u
Monte Kapio cumynanuja. Ocum Tora, roBOpH Ce H O
HOBHM TEXHOJIOTHjaMa Yy pa3Bojy, Kao MITo cy Tanacuhu
(wavelets) kao amaTy 3a JOKaJlM3alWjy CHTHAJIa H
OIroBopa; W (pakIHOHOM pavyyHy, Kao ajary 3a
pa3yMeBame JIOKATHOT IMMOHAIIaka. JHAYajHH MpUMEpU
IpUMeHe Ccy Takohe pasMoTpeHH.

[TocToju KOHLENT KOjU je HEOMXOIHO YCBOJUTH
panu ¢popManu3Ma y OnKucy HECUTYPHOCTH KOJ| aHaIn3a
cnydajuux BuOparnuja. OH Mopa OWTH JONYHEH ca
TPaIUIIMOHATHUM KOHIICTITOM O aHAJIU3U BUOpaIluja Kao
mTo Cy (yHKIMja MMIYJICHOT OJroBOpa y BpEMEHY H
npeHocHa  (QyHKOMja y  (PEKBEHTHOM  JIOMEHY.
Kombunanuja ¢opmanmnsma u3 BepoBaTHohe W H3
peniema Ko Teoprje BUOpamyja JOBeNa je 10 IyBEHOT
pe3ynTara Kao INTO je Be3a W3Meljy CIeKTpa yiasHe
CHare M CIIEKTpa HW3Ja3HEe CHare M MOJYJ IPEHOCHE
¢dbyHKIMje BUOPAMOHOI CHCTeMa. 3a HelMHeapHY
aHaM3y CIIydajHUX BUOpamyja, OBH KOHIIETITH MOTY
OUTH IpoUIMPeHH KopulIhemheM TeXHUKE NepTypoanuje
U ONIITHX ajara kao Iuto je Bunep-Bonreposa
Npe3eHTalrja OJroBopa HEJIMHEAPHHX JWHAMUYKUX
cucrema

2. AHAJIN3A CITYHYAJHUX BUBPALIUJA

W3Ban kiacu4yHOr (opManu3ma aHanu3a JIHHEAPHHX
CllydajHMX BHMOpauuja, 4YETHpH JOJaTHa ajara Cy
IHMCKYTOBaHA YHYTap caipkaja TPaJULHOHAIHUX |
HOBO(OPMHUPAHUX TEXHUKA PEIlaBamba.

[IpBo, KOHIENT CTAaTHCTHYKE IUHEapu3amuje je
IUCKYTOBaH Kao ajaT 3a CHpoBoheme aHanus3a
CllyyajHUX BHOpaluja HenuHeapHux cucrema. OCHOBHU
KOHILIENT OBOI' METO/Ia je 3aMeHa BUOPAIOHOT cucTeMa
ca eKBHBAJICHTHUM JINHEAPHUM CHCTEMOM Ha KOjeM ce
CIPOBOJY TPETMaH IMPEKO CTaHIapAHE HM3JIa3HO-yJia3He
Beze mnomMeHyTre u3Han. OBa 3amMeHa je W3BpIIEHA
oiapehuBameM CKyna Tmapamerapa (€KBHUBaJICHTHA
JNMHEapHAa KPYTOCT W  CKBHBAJICHTHA JIMHEapHa
MIPUTYIICHOCT) KOjU CMambyjy Y CTOXaCTHYKOM CMHUCITY
omromapajyhy rpemky wmepema wu3Melly H3IIa3HHX
BPEAHOCTH KOJ JIMHEApHOI W HEJIMHEAPHOT CHUCTEMa.
Takole, mo3uBajynu ce Ha anpOKCUMALN]y CTATHCTHKE
CHCTEMCKUX OIrOBOpa, €INEMEHTH EKBHUBAJIEHTHOT
JUHEApHOT  CHCTEMa Cy  OJAPEAjeHH  NPHIMIHO
jenHocTaBHUM (opmyniama. Y OBOj BEp3HjH, METOna
CTaTUCTHYKE JIMHEApHU3allhje je MOTBPjeHA Kao BPJIO
NPWIAroJIJbMB ajaT 3a MpoBoljee aHallu3a 3a CUCTEME
ca BHIIC CTENEHH CJI000AEC KOjU Cce Hamae y
HHXEHhepCcKor npakcu. OBM CHUCTEMH Cy H3JI03E€HH
CTAIlMOHAPHUM W HECTAlIMOHAPHUM MOOynaMa U MOTY
WCIIOJABATH M €JIACTULIHA U HeeNaCTHIHA (XUCTEPUYHA)
HeJIMHeapHa MOHaIlIaka.

Hpyro, n3 ogpeheHor yria mocMmarpama, oOpahena
je MoryhHOCT BpeMeHCKe M IPOCTOPHE JIOKAIH3alluje
Kojy omoryhaBajy ¢amuiuje tanacuha, umajyhu npu
TOM Y BHAY KOHLENT Pa3BOJHOI OICera cHare. Y OBOM
KOHTEKCTY, TOCeOHO Cy rmocMaTpaHe ¥ MHOT€ MIPUPOJIHE

FME Transactions

1ojaBe, Kao INTO Cy Ha IIPUMEpP 3eMJbOTPECH, TAE Ce
nocmarpa (hpekBeHIrja y30pka y BpemeHy. Vcraknyra
je MoryhHOCT pEeKOHCTpPYKIHje KpeTama O]l CTpaHe
tTanacuhia kKao “MaTeMaTHYkKor MukKpockoma”’. OHu ce
MOTy IOCMaTpaTH Kao JIBO IIapaMeTapcka Bep3Hja
kmacugHe @ypujeBe TpaHcopmammje pema  Koju
YKJbydyje HapaMeTpe 3a MPEeBo/] U AWIETalnjy BpeMeHa.
OBo BpemeHOM omoryhaBa Ipe3eHTalljy CUrHajia U y
BpeMEeHy ¥ ydecTajocTH. Hekoimko mnoponuna
Tajacula Cy y3eTH y OO3Hp y OBOM HCTpaKHUBamy.
Takohe, oOpaleHn cy u mpoOneMH U pelema
npouenype Koja ce OJHOCH Ha OI3MB JIMHEAPHUX U
HEJMHEeapHUX  OCHWIATOPHUX CHCTeMa KOjU  Cy
M3JI03€HHU CIIy4ajHHM IpOLECHMa €BOJYyTHBHOT OIicera
NpeJICTaBIbEHH Cy MPEKo Tajacuha.

Tpehe, koHIEeNT HEneI00pOjHOT (HPAKIIMOHOT pena
YBOAM ce Kao ajar 3a onpehuBame JOKaIHUX edekara
rnoyetHe 1oOyJe W OAroBopa BHOpPAIMOHOT CHCTEMA.
Tana je ¢pakuuoHm aepuBaT NPOU3BOJHHOI CHI'HANA
KOjH je KOHCTPYHCAH IO OATOBapajyIliM YCIOBHMA,
MpeICcTaBlhaH  Kao  HWHBEp3HA  TpaHCopManuja
npousBona DoypHepoBOr OPUTHHAIHOI CHTHala ca
MIPOM3BOJLHOM (DPEKBEHIIMjOM CHAre Y 3aMHCJBEHO] OCH.
U3 npyre nepcnexkTuBe, HAMAIICHO je fa y AUCKPETHOM
JOMEHy HM3BOZA (DpakIMOHOI pela ce HM3pauyyHaBa Kao
JIMHEapHa CyNepro3uluja TPETXOJAHUX BPEIHOCTH
CHTHaJa ca TeXHHaMa KOje Ce CMamyjy OJf TPEHYTHe
Tauke y aeduHunmju usBona. Tama, GpakipoHu paiyH
HYOU CBOJCTBO TIpEJCTaBjbama ca ‘‘HE-JIOKAJIHUM
KapaKTepUCTUKaMa M KapaKTepUCTUKama ca ‘“‘JIOLIOM
MeMopHjoM”. MozenoBame ce MmoKa3alio II0JJOHOCHUM
Yy HEKONWKO o00lacTh W oAroeapajyhm amatu cy
KOHCTpYHCAaHH 32 BOheme aHalM3a  CIy4YajHUX
BuOpanuja JMHAMHUYKOI cucTeMa oOjapeHor ca
(GpakuMOHUM  JEepUBATOM  KOJjU Cy  H3JI0XKEHH
CTOXacTU4Koj moOyau. HMcrakHyTo je na JojaBame
yjaHa 3a (paKIMOHW JEpHBAT y jEJHAUYMHY KpeTarba
JMHAMHYKOT CHCTEMa MEHa KPYyTOCT U KapaKTepHCTHKE
MPUTYLINBAA.

YerBpTo, MOryhHOCT Hanaxkema CIIy4ajHOCTH Yy
BUOpallMOHUM CHCTEMHMa, HE CcaMO Yy Clydajy
NpBoOMTHE TMOOyZAe, HEro M KOJ KapaKTepHCTHKa
MIOCMAaTPaHOT BHOpPALMOHOr cHUcTeMa. Y TOM CMHCILY,
oOpaleHa je KBaHTHQUKAIMja HEU3BECHOCTH Yy
okpyxemy  Merome  Croxactmukmx  KoHayHmX
Enemenara (MCKE) ca HarmacHOM Ha KOHTHHYyaJlHE
BubOpaunone cucreme. Ilpumeheno je npa mnocroju
oceOHH MTPUKa3 KOHTHHYAIHE CIy4ajHOCTH KOjy npyiKa
Kapxyenen-JloeBa ekcmaH3uja Koja je IOCEOHO
NPOLIMPHBA 32 aHAJIM3€ KOHAYHUX eJeMeHaTa.

3. AUCKYCUJA U 3AKIbYYAK

VY 3aKk/bydyKy HallOMHEEMO Ja je W TeXHHKa MoHTe
Kapno cumynanmje pasmorpena. OBo je moceOHO
MPUIAroAJbHBa TEXHHKA KOja C& MOXE NPUMEHUTH Ha
cucteMe ca 000je M JeTePMUHUCTHYKUM W CITyYajHIM
mapaMmeTpumMa U moOymama. CraTUCTHYKa TEeHepanuja
pEJICBaHTHHX OATOBOpa CUCTEMa je TIeHepHcaHa Yy
“pagyHapckoj aboparopuju”’, TakO IITO Cy VY3eTH
y30pLUM M3 pachojena Koja ONUCHje IapaMeTpe
JMHAMHUYKOT cHUcTeMa M moderHa nmodOyna. IloceGHo cy
NPOJUCKYTOBAHN OYMIJICJHU IPOOJIEMH Y BE3U CHHTE3E
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U cUMyJalyje CIy4YajHUX OJACTYNama M CTOXACTHIIKHUX
mporeca ca oxapehenom ryctuHoM pacmozene. Taxobhe,
naxma je nocseheHa npoodiieMy reHepucama y30pKa u3
CTAIIMOHAPHUX W HECTAI[MOHAPHUX CIy4YajHHX Mpolieca
KOjU  OJArOBapajy  JKEJbeHOM  OICery  cHare
(cTauMOHApHOM MJIM  HECTalHOHAapHOM). Y  OBOM
CMHCITy, TOoceOHO je HCTakHyTa IIperpeka Yy
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payyHapcKOM TepeTy Yy Be3d ca pEelNeTUTHBHUM
m3panyHaBambuMa y Monte Kapimo texnuim. Ymopkoc
Tome, mnpumeheHo je gma  je  O0OBO  pelieme
HAjIIPWIATOJbUBHja OIIKja 3a OWJIO KOJU JMHAMHIIKH
CHCTEM KOjH je Ne(hUHHUCAH Y CTOXACTHIIKO] IIOCTABIIH.
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