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1. INTRODUCTION

In the last decades, Pickup and Delivery Problems
(PDP) deserved an important attention by the scientific
community in the transportation field. The PDP can be
briefly defined by the routing problems where goods or
even people must be collected and distributed from an
origin to a destination. Due to the extensive number of
approaches and denominations in this field, Parragh et
al. [1,2], suggested a classification where the general
Pickup and Delivery Problem is divided in two classes.
The first class considers the problems in which
delivered goods (or, respectively, the picked goods) are
only loaded (or, respectively, unloaded) at one or more
depots, meaning that the transport of goods is only
performed from or to the depot. The second class
considers the transportation of goods from pickup
customers to delivery customers. The problems of the
first class are usually denominated by Vehicle Routing
Problems with Backhauls (VRPB) whereas the second
class is denominated by Vehicle Routing Problem with
Pickups and Deliveries. In this paper we will focus our
attention on the VRPB, which has four subclasses. In
the first subclass, customers are assigned to one and
only one of two disjoint clusters, one for delivery
customers (also denominated by linehaul customers)
and another one for the pickup customers (also
denominated by backhaul customers). In this subclass,
one backhaul customer can only be visited after
visiting all linehaul customers assigned to that route.
Since the order of visit is determined by the cluster in
which a certain customer belongs, the authors named
these problems as Vehicle Routing Problem with
Clustered Backhauls (VRPCB). In the second subclass
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this constraint does not apply, even though the division
into disjoint sets of delivery and pickup customers is
still mandatory. Since customers of both clusters can
be indistinctly visited without that precedence
constraint, the authors referred to the problems of this
subclass as Vehicle Routing Problems with Mixed
linehauls and Backhauls (VRPMB). The last two
subclasses consider the situations where customers
require both a quantity to be delivered and a quantity to
be picked up. However, in the third subclass, a given
customer can be visited twice. The visits can be
divided in one visit to deliver goods and another one to
pick up goods. These problems were denominated by
Vehicle Routing Problems with Divisible Delivery and
Pickup (VRPDDP). On the contrary, in the fourth
class, both loading and unloading operations must be
performed simultaneously in exactly one visit, and then
the authors denominated these problems as Vehicle
Routing Problems with Simultaneous Delivery and
Pickup (VRPSD).

1.1 VRPMB

As referred to above, the Vehicle Routing Problem
with Mixed Linchauls and Backhauls (VRPMB) is a
subclass of problems belonging to the Vehicle Routing
Problem with Bakchauls (VRPB), in which the
customers are divided in two different groups: linehaul
and backhaul customers. Each linehaul customer has a
given demand quantity that can only be provided by
the depot, while each backhaul customer has a given
supply quantity which the only destination is the depot.
In the VRPMB, both the linchaul and backhaul
customers can be indistinctly visited, which means that
within the same route, it is not required to visit all
linehuals customers before visiting backhauls
customers.

In [3], the Clarke and Wright method is applied to
assign all linehauls customers to the routes. Then, an
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insertion-based heuristic evaluates the insertion of each
backhaul customer in all route points where that
customer can be feasibly inserted. This insertion cost is
obtained by the additional routing cost when inserting
that customer in a given arc, and by adding the product
of a penalty multiplier with the number of delivers
after that insertion. The minimum cost defines the
backhaul customer and its insertion point. The process
is repeated until all backhaul customers are visited.

The insertion cost was revised in [4] by
subtracting a value which is proportional to the
distance between the backhaul customer to be inserted
and the depot, and by adding the product of a penalty
multiplier with the quantity that is still to be delivered
after the insertion point. Based on this insertion cost, a
more concise formula is proposed in [5]. The multiplier
associated to the remaining load that has to be
delivered is calculated in distance units. The authors
proposed four heuristics procedures. Each heuristic
starts from a solution where all linehauls customers are
already assigned to the routes. The first heuristic is
based in [3] and in [4] by computing the insertion cost
of each customer/arc and inserting the customer with
the least cost. The second heuristic computes both the
insertion cost for each customer/arc as in first heuristic
and the insertion cost of each pair of backhaul
customers. The least cost defines the insertion of one or
two customers. These procedure allows small
improvements when two backhaul customers can be
near each other. Since this situation can happen with
more than two customers, the authors suggested two
more heuristics in which clusters of backhauls
customers can be inserted. In these heuristics, the
insertion costs for each customer, for each pair of
customers, and for each cluster are computed in each
iteration, and the best cost defines the customer (or
group of costumers) and its position in a route. The
analysis of the insertion costs will allow to have the
perception, at each iteration, if each customer has a
smaller insertion cost is inserted alone or associated
with another customer. In order to define the clusters,
the authors defined a graph of all backhauls customers,
where all customers which are better inserted in pairs
are linked by an edge. The difference between the two
last heuristics is the strategy to build clusters. For the
third heuristic, only customers which form a complete
graph can be grouped in a cluster, while in the fourth
heuristic, it is sufficient to the customers to form a
connected graph to be grouped in a cluster.

Based in [5], an improved insertion heuristic is
presented in [6]. It is also possible to insert one or two
customers at each iteration, depending on the least
insertion cost. This approach is improved with a so
called restriction percentage. The restriction percentage
is defined by the user and it is based on his experience
to define how backhaul and linehaul customers can
appear mixed in a route. This percentage value will be
used when evaluating the insertion of a backhaul
customer in a given arc. The percentage of linehaul
goods already delivered must be greater or equal to the
restriction percentage, in order to enable the insertion
of a backhaul customer in that arc. Otherwise, the
insertion on that arc will not be evaluated again.
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An heuristic for both the VRPMB and the
VRPSDP is suggested in [7]. Firstly, a so called
weakly feasible solution is obtained. One solution is
weakly feasible if it satisfies the maximum route
length, and if the capacity of the wvehicle is not
exceeded by the total load to be delivered or by the
total load to be picked up. In contrast, a strongly
feasible solution satisfies the maximum route length
and, additionally, the vehicle capacity is not exceed in
each arc of the route. Some improvements are then
performed by applying local search on the initial
solution, and turning the solution in a strongly feasible
solution. Additional local search procedures are
applied, improving the quality of the solution while
keeping it as strongly feasible.

1.2 Loading and routing

The approaches referred to in the previous subsection
have in common the fact of only considering the
weight as the single measure of the capacity
constraints. However, a single measure may not be able
to reflect some real world situations. These situations
occur when the weight of the loads satisfy the weight
limit, but they exceed the area or the volume of the
vehicle. In such cases, transporting items is impossible
even satisfying the constraints of the problem. In order
to incorporate these specificities, some works were
presented in the last decade, by associating the
Capacitated Vehicle Routing Problem (CVRP) with the
bin packing problem (or the strip packing problem)
considering two or three dimensions. The resulting
problem is denominated by Capacitated Vehicle
Routing Problem with two- or three-dimensional
Loading constrains (2L- or 3L-CVRP, respectively). A
comprehensive survey in routing problems with
loading constraints can be found in [8]. In this work,
we will focus our attention in the 2L-CVRP. The
generality of the approaches in that field are based in
metaheuristics, which is not surprising given the
complexity of the problem. Nevertheless, one exact
approach was suggested [9]. Despite obtaining
solutions in relatively small amount of time, this
approach is only able to deal with a relatively small
number of customers.

A usual constraint for both the 2L-CVRP and 3L-
CVRP is the assumption that unloading an item to
deliver to a given customer does not require to move
items from customers to be served later. Therefore,
items must be loaded into the vehicle according to the
opposite order by which they are unloaded, following a
Last-In, First-Out (LIFO) policy. For that reason, these
constrains are known as LIFO or as sequential
constraints.

1.3 Pickup and Delivery with loading

The interest of Pickup and delivery problems where
loading constraints are considered has been increasing.
For instance, the Pickup and Delivery Travelling
Salesman Problem (PDTSP) with loading constraints
considers the transportation between vertices in which
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pickups and deliveries are performed according to a
sequence policy (LIFO or FIFO).

Some approaches addressed Pickup and Delivery
problems considering more than a single dimension of
the goods, generalizing the problems referred in
Section 1.2. A constraint programming model based on
the scheduling field for the two-dimensional loading
with sequential constraints is presented in [10]. The
PDP with three-dimensional loading constraints is
addressed in [11]. This approach is based on a local
search method by swapping the vertices if it leads to a
lower route length. After deriving a valid packing
solution, another local search procedure is performed
by assigning customers to other routes. It is important
to note that for both approaches referred above, the
transportation of goods is performed between the
customers. In contrast, transportation from and to the
depot is considered in [12], addressing the 3L-CVRP
with Clustered Backhauls. As referred before,
backhauls customers should be visited after the
linehaul customers within the same route. Sequential
constraints are taken into account, and these constraints
should be satisfied also when visiting backhaul
customers. In this work two procedures were suggested
and in both of them, routing and packing are solved by
different procedures, and then integrated to perform a
solution. The first algorithm is based in the Adaptive
Large Neighborhood Search, while the second
algorithm relies in a Variable Neighbourhood Search.
The packing component of both problems is tackled
with a tree search heuristic presented in [13].

This paper is organized as follows. In Section 2,
we describe the Capacitated Vehicle Routing Problem
with Mixed linehauls and Backhauls and two-
dimensional loading constraints (2L-CVRPMB). In
Section 3, we present our approach for the 2L-
CVRPMB. In Section 4 the computational results of
this approach are presented and discussed. Finally we
draw some conclusions in Section 5.

2. PROBLEM DESCRIPTION

The Capacitated Vehicle Routing Problem with Mixed
Linehauls and Backhauls with two-dimensional
Loading constraints (2L-CVRPMB) can be described
as follows. Let G=(V,E) be a complete graph, where
V={0,1,..., I, I+1,..., [+b} is the set of nodes and E is
the set of edges. The set V includes n+/ vertices
corresponding to the depot (vertex () and to the n
customers including / linehaul customers and b
backhaul customers. The set E includes all pair of
vertices such that E={(i,j): i, j] € V, 1 # j}. Let cij be
the nonnegative cost of traversing the edge (i,j). There
is a set of K identical vehicles, each one having a
weight capacity C and a two-dimensional rectangular
loading area with height H and width W. Each linehaul
customer (or, respectively, backhaul customer) has a
demand (or, respectively, a supply) composed by two-
dimensional rectangular items. The 2L-CVRPMB
consists in finding the set of optimal routes, each one
starting and ending at the depot and satisfying the
following constraints: (C1) the number of used
vehicles cannot be greater than K; (C2) each customer
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is visited exactly once; (C3) the total weight associated
to each arc of each route cannot exceed the capacity C;
(C4) items have a fixed orientation in the loading area,
i.e., items cannot be rotated; (C5) in each vehicle, the
items must be completely within the surface, must not
overlap, and the edges of each items must be parallel to
the loading area edges; (C6) unloading an item at a
given customer must be performed in a straight
movement, without moving items of other customers,
and thus the loaded items from backhaul customers
cannot block items to be delivered.

3. INSERTION HEURISTIC FOR THE 2L-CVRPMB

We extended the insertion-based heuristics presented in
[5] for the 2L-CVRPMB. Firstly, a solution to visit all
linehaul customers is built (Section 3.1). The backhaul
customers are then successively inserted on the
generated routes (Section 3.2). The successive insertion
of pairs of backhaul customers is also considered
(Section 3.3). To ensure the feasibility of routes, a
heuristic is proposed in Section 3.4.

3.1. Constructing routes for Linehaul customers

In order to assign all linehaul customers to the routes,
we adapted the method to construct initial solutions
presented in [14]. The process starts by generating K
empty routes. All linehaul customers are sorted
according to the area of their items. By this order each
customer will be successively inserted. To evaluate if a
given customer can be inserted in a feasible way,
Bottom-Left heuristic enhanced in order to satisfy the
loading constraints is used. From the set of routes in
which a given customer can be inserted in a feasible
way, the route leading to a minimum remaining free
area is selected. The customer is inserted at the route
point which leads to the minimum cost increase and
which insertion is valid.

3.2. 1-Insertion heuristic for backhaul customers

The set of all backhaul customers will be assigned to
the routes obtained in the previous subsection using the
insertion heuristics based in [5] but with different cost
functions. In that approach the cost of inserting one
backhaul customer c¢ in one arc (a,b) is given by:

T
b
Cabc:dac+dcb_dab_ad00+ﬂLb[ y J’ M

where dj; is the distance between vertex 7 and j, L is
the remaining load (in terms of weight) after vertex b,
T, is the length of the route which contains arc (a,b)
and MQ is the weight capacity of the vehicle. The
parameters o and f are penalty parameters, and their
default values are 1.5 and 1, respectively. In our
approach, we adapted this expression of cost in order to
incorporate the area capacity of the vehicle. So the
insertion cost will be determined by:

T
ab
Cabe =dge +dep —dgp —0dge + ﬂAb[ ] R 2)

areav

where A, is the remaining area of the items to deliver
after vertex b, and area, is the area of the vehicle. Note
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that, as stated in [5], the cost will be expressed in units
of distance. It is worth noting that operations of
validation are necessary to determine if one customer
can be inserted in a feasible way.

3.3. 2-Insertion heuristic for backhaul customers

The authors of [5] extended the 1-insertion heuristic to
the case where a pair of backhaul customers can be
inserted instead of a single customer. Besides
computing the cost of each feasible insertion for a
single backhaul customer in every routes, this
procedure also computes de cost of all feasible
insertions for all combinations of pairs ¢ and d of
backhauls customers using (3):
Cabed = min zdad +dcb;)dac+ddb) dap +deg
ald, +d T
_ 0:?/5 0d +ﬂAb[achlljv]'
The least cost defines the insertion of a single
customer or a pair of customers. The process is
repeated until all backhaul customers are assigned to
the routes. One special case arises when there is no
feasible positions in any route for a given customer. In
such case, the customer is assigned to a new route. This
new route will be dedicated to backhaul customers
since all linechaul customers are already assigned to
other routes. The penalty parameter f in the
expressions of insertion costs is used in many works in
order to delay the insertion of backhaul customers
[4,5,6]. One reason for this delayed insertion is due to
the real situations were rearrangements are time
consuming or even impossible when performing the
route. In our approach, the validation of one route
guarantees that no rearrangements will be necessary
since it is a constraint of the 2L-CVBPMB. In this
sense, reducing the value of # can lead to less costly
routes where backhauls customers can be inserted
earlier. However, satisfying loading constraints with
mixed types of customers is more challenging, because
every loaded item blocks the space area backwards that
item, and so the item can only be placed if there is no
items to be delivered in the referred area. In this sense,
it is easy to see that inserting earlier a backhaul
customer can lead to an infeasible route. Therefore, it
is expected that reducing the value of £ will increase
the number of route validations, due to the higher
number of failures in infeasible but less costly routes.
Since the validation of one route spends a significant
part of the computational time, the reduction of f may
also modify the execution time.

)

3.4. Feasibility of routes

The capacity constraints in terms of weight are ensured
not only by imposing a weight limit to the weight of
items to deliver, but also limiting the load in each arc
to the weight capacity of vehicle. The same procedure
can be applied to the total area of items. On the other
hand, the wvalidation of packing and sequencing
constrains is required either to build valid routes to
linehaul customers or to check if a backhaul customer
can be feasibly inserted into a given route point. For
the first case, it is necessary to have a feasible layout
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that can be seen as the layout of the vehicle when it
leaves the depot. For this situation, we propose a
Bottom-Left heuristic with Loading constraints (L-BL).
For a given route with mixed types of customers, it is
not only required to have a linehaul layout but also
ensure that every collected items of backhaul
customers will not block a straight movement to unload
the items to deliver later. In other words, the collected
items cannot be placed between the rear-side of the
vehicle and the items to deliver. Obviously, this does
not apply to the items already collected. It is important
to note that since one item is loaded in a given position
of the loading area, it cannot be rearranged. For this
situation we propose a Bottom-Left heuristic with
Loading constraints and Mixed Linehauls and
Backhauls (L-BLMB).

For the L-BL, in order to manage the relative
position of items in the loading area, we use the
concept of free spaces, which was successfully adopted
in similar problems with loading constraints [15]. The
loading area is considered to be the first free space.
When an item is placed in the loading area, at most
four free spaces are created. These free spaces identify
the places where next items can be placed, and the
original free space where the item was placed is
removed from the list of free spaces. Taking into
account all the free spaces, we select the bottom most
and leftmost position where the item fits, such that the
capacity and sequencing constraints are satisfied. The
item is placed in such a way in order to match the
bottom-left corner coordinates of both the item and the
free space. A small example of free spaces generation
is given in Figure 1.

The L-BLMB has some differences that can be
described as follows. Given a route with mixed
linehaul and backhaul customers, the procedure starts
by attempting to derive a packing layout only for
linehaul customers using L-BL. If it is not possible to
achieve a valid packing for all linehaul customers,
clearly the route is infeasible for the mixed case.
Otherwise, we get a feasible layout for the linehaul
part. At this step the layout will be analyzed seeking a
strip of height H with no items. This procedure allows
to know if the vehicle has a free space available for
backhaul customers right after leaving the depot. If
there are such strips, they are added to the list of free
spaces for collected items. Thereafter, the customers of
the route are successively analyzed by the order in
which they are visited. If the analyzed customer is a
linehaul customer, then their items will be removed
from the layout and the original gap where the
removed items were placed is recovered. Otherwise, if
it is a backhaul customer, then their items are attempt
to be placed in a free space for backhaul items ensuring
all the constraints. The process runs until all backhaul
items are loaded on the vehicle, or until it is impossible
to place a given item. Clearly, in this last case the route
is infeasible.

3.5. Pseudocode

The algorithms 1 and 2 refer to the 1- and 2-Insertion,
respectively. The construction of routes for linehauls is
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denoted by findSolutionLinehaul(). The procedure
findMinlnsCostl() finds the arc (a,b) and the customer
¢ which lead to the minimum insertion cost using (2),
while findMinlnsCost2() uses (3) to find the pair of
customers ¢; and ¢, and the arc (a,b) leading to the
minimum cost. Inserting a backhaul ¢ (or a pair) in the
arc (a,b) is denoted by InsertCustomerInArc(c,ab) (or
InsertPairCustomersin Arc(cl, c2, ab), respectively).

Free space 1 Free space 2 Free space 2
|

- Free space 3

T

|

|

|

|

|

|

|

|
_____ —— ]

|

|

|

Figure 1. Generation of free spaces.

Algorithm 1: Procedure 1-Insertion

Input: Instance [ of the 2L-CVRPMB, B: Set of
backhaul customers
Output: Feasible solution of the 2L-CVRPMB

findSolutionI.inehaul();

while set B is not empty {
(c, ab) = £findMinInsCostl();
insertCustomer InArc(c, ab);
remove ¢ from set B;

}

Algorithm 2: Procedure 2-Insertion

Input: Instance / of the 2L-CVRPMB, B: Set of
backhaul customers
Output: Feasible solution of the 2L-CVRPMB

findSolutionI.inehaul ();
while set B is not empty {

(c, ab, costl)
findMinTnsCostl();
(Cll Ca2y abl
findMinTInsCost2();
T f(costi<=costy){
TInsertCustomer InArc(c, ab);
remove c from set B;

costy) =

}
elsef
InsertPairCustomers I nArc(ci,
c2, ab);

}

remove ci; and c; from set B;

}

COMPUTATIONAL RESULTS

4.1. Instances

The proposed approach was tested using adapted
instances from benchmark instances for the 2L-CVRP
used in [10,16].

Since the presented approach has insertion costs
based on the area of the items, the instances in which
area is not a considered (pure CVRP instances) are not
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tested. Based in the generation of instances in [5], we
adapt the 2L-CVRP benchmark instances by
replicating each one three times in order to obtain three
instances having each one 50%, 25% and 10% of
backhaul customers in relation to the total number of
customers. We will denote by Class 1, 2 and 3 the
instances which consider respectively 50%, 25%, and
10% of backhauls customers. For this purpose, we
assign as backhaul customers the ones whose number
is a multiple of 10 for Class 3, multiple of 10 and 4 for
Class 2 and multiple of 10, 4 and 2 for Class 1.

The original demand of the assigned customer is
now the supply of the new backhaul customers. Only
instances with more than 50 customers were
considered, as in [5].

With this procedure 72 instances are obtained for
each class. The number of customers ranges from 50
up to 255. The number of items of each instance varies
between 82 and 786. The default values of a and f are
1.5 and 1, respectively.

The algorithms were coded in C++, and the tests
were run on a PC with an i7 CPU with 3.0 GHz and 8
GB of RAM.

As referred in Section 3, reducing the value of S
can lead to different solutions. In order to explore this
feature, we conduct on computational experiments for
different values of §.

4.2. Obtained results

The obtained results were divided in 11 groups
according to the number of customers.

In Table 1, we report on average results for each of
these groups where 7 is the total number of customers
including n;, backhaul customers, #inst is the number of
instances of each group, it is the average number of
items, RC is the average value of route cost obtained
with the corresponding heuristic (1- or 2-Insertion
heuristic), %out is the average percentage of used
spaced in the vehicle when leaving the depot, %in is
the average percentage of used space in the vehicle
when returning to the depot, #Val corresponds to the
average number of validations using both L-BL and
BLMB, ¢ is the average computational time in seconds,
inc corresponds to the percentage of the average
increase of the route cost when comparing 1-Insertion
with 2-Insertion, and avg corresponds to the average
values in each column for each class. All the results
were obtained firstly by running the I1-Insertion
heuristic and right after running the 2-Insertion
heuristic for the same instances.

Therefore, all the following considerations will
take into account the modified values from the former
to the latter heuristic. The obtained results for Class 1
show average reduction of 2.03% in the average route
cost when comparing the 1- and 2-Insertion heuristics.

The maximum average reduction is 5.38% and it is
achieved in the group of 71 customers. All groups
present an average decrease in the route cost. However,
in all groups the average computational time is greater
for the 2-Insertion heuristic.
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Table 1. Obtained results for 1- and 2-Insertion heuristics.

1-Insertion 2-Insertion
n #inst nb it RC  %out  %in #Val t RC  %out  %in #Val t inc
50 4 25 119 1154 65,7 63,1 797 0,14 1134 639 61,0 1439 0,27 -1,75
71 4 35 165 855 64,8 66,1 1858 0,38 809 61,9 63,1 3097 0,58| -5,38
75 16 37 169 1663 64,8 63,7 1692 0,29 1647 66,3 65,2 3182 0,58| -1,01
100 12 50 230 2332 67,6 67,6 3170 0,61 2323 67,0 67,2 5873 1,39 -0,41
~ 120 4 60 277 4133 71,9 69,3 5987 1,35 3918 743 71,8 9967  2,34| -5,20
é 134 4 67 306 4142 74,5 72,8 6901 1,16 4084 72,0 70,3 14761 2,67 -1,39
© 150 4 75 331 3231 72,7 70,5 7450 1,35 3227 71,8 69,5 15312 3,79 -0,12
199 12 99 450 4038 72,9 72,0 12070 2,27 3982 72,7 71,8 21888 7,49 -1,39
240 4 120 546 1937 76,8 70,5 18663 3,55 1903 77,0 70,6 43870 12,46 | -1,72
252 4 126 568 2470 72,8 72,5 21517 4,12 2420 74,9 74,6 59240 18,02| -2,00
255 4 127 573 2180 752 75,9 33613 6,28 2138 73,9 74,5 102729 18,71 -1,94
avg 2558 70,9 69,5 10338 1,95 2508 70,5 69,1 25578 6,21 | -2,03
50 4 12 119 1353 79,0 224 789 0,09 1350 79,0 224 933  0,15| -0,18
71 4 17 165 986 82,1 27,7 1573 0,18 981 82,1 27,7 1684 0,19| -0,43
75 16 18 169 1991 80,2 259 1677 0,17 1998 80,2 25,9 1940 0,21 0,30
100 12 25 230 2823 83,7 279 2936 0,31 2831 83,7 279 3373 0,42 0,27
~ 120 4 30 277 5100 85,1 275 4020 0,47 5119 85,1 275 4382 0,58 0,38
é 134 4 33 306 5216 852 26,0 5127 0,58 5229 852 26,0 5971 0,80 0,24
© 150 4 37 331 3820 853 274 6669 0,67 3826 853 274 7878 1,06 0,15
199 12 49 450 4899 86,6 28,9 11083 1,08 4923 86,6 28,9 13004 2,14 0,49
240 4 60 546 2410 87,9 26,8 15734 1,58 2409 87,9 26,8 21577 3,32 -0,04
252 4 63 568 3078 86,3 28,8 17696 1,71 3097 86,3 28,8 24918 2,89 0,62
255 4 63 573 2685 88,2 28,3 18796 1,70 2698 88,2 283 30340 4,77 0,47
avg 3124 84,5 27,1 7827 0,77 3133 84,5 27,1 10545 1,50 0,21
50 4 5 119 1495 77,6 8,0 1019 0,10 1495 77,6 8,0 1040 0,10 0,03
71 4 7 165 1151 82,8 8,3 1941 0,20 1151 82,8 8,3 2008 0,21 -0,07
75 16 7 169 2181 814 8,7 2045 0,18 2185 814 8,7 2097 0,19 0,15
100 12 10 230 3199 82,8 9,1 3644 0,36 3197 82,8 9,1 3749  0,37| -0,07
o 120 4 12 277 6024 87,5 8,7 5273 0,51 6037 87,5 8,7 5405 0,54 0,22
é 134 4 13 306 5818 85,5 10,0 6739 0,67 5840 85,5 10,0 6934 0,67 0,38
© 150 4 15 331 4325 85,6 10,5 8480 0,77 4326 85,6 10,5 8652 0,81 0,03
199 12 19 450 5724 874 9,4 14319 1,37 5736 874 9,4 14562 1,34 0,22
240 4 24 546 2890 86,8 9,4 19943 1,75 2890 86,8 9,4 20362 1,84 0,01
252 4 25 568 3646 86,5 8,6 21895 1,15 3658 86,5 8,6 22679 2,12 0,35
255 4 25 573 3122 883 9,0 22511 1,98 3132 883 9,0 24494 276 0,33
avg 3597 84,7 9,1 9801 0,82 3604 84,7 9,1 10180 1,00 0,14

For the groups considering 252 customers, the
computational time can increase more than four times
when the 2-Insertion heuristic is applied. There is also
an increase of the number of validations.

Considering the average value for all groups, the
number of validations in the 2-Insertion is greater than
twice the validations required for the 1-Insertion. For
the group of 255 customers, the number of validations
increases more than three times when 2-Insertion is
used.

The increase of validations is also verified in results
concerning Class 2, since in the 2-Insertion there is an
increase of roughly 34.72% in the average number
considering all groups for that class. The average
computational time increases in all groups. For the
group of 240 customers the average time increases by
approximately two times. Considering the quality of the
solution, the average route cost has a slight increase in 8
of 11 groups, performing an average increase of 0.21%.
An increase in the average route cost is also verified in
9 of 11 groups in Class 3. An improvement in the route
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cost can only be verified in two groups of instances,
namely the group of 71 customers (7 of those are
backhaul customers) and the group of 100 customers
(10 of those are backhaul customers). One possible
explanation for this increase in both Class 2 and Class 3
can be the preference that is given to the double
insertion of customers instead of a single one [6].

The number of validations in Class 3 has an
average increase of roughly 3.87% considering all
groups, which is less significant when comparing all the
classes. The average computational time is slightly
greater for the second heuristic. For the group of 199
customers (19 of those are backhaul customers) the
average spent time decreases to 1.34 seconds.

The average percentage of space used in the vehicle
for all groups shows a slight decrease for the Class 1
(0.4% for both leaving and for returning to the depot)
when comparing both insertion heuristics. For the
classes 2 and 3, the values are equal for both heuristics.

Considering the insertion heuristic which achieved
best results for each class, namely the 2-Insertion for
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Class 1 and 1-insertion for Class 2 and 3, additional
computational experiments were conducted, by
decreasing the value of £ in 0.25 in each run. In Table 2,
the obtained results conducted for the same 11 groups

percentage difference, which is achieved by taking the
values presented in Table 1 as a reference. In Table 2,
the percentage difference of the average route cost and
percentage difference of the average number of

referred to above, and for the best heuristic, are validations is represented by %RD and %ValD,
presented. For sake of clarity, we will report on the respectively.
Table 2. Insertion heuristics for different values of # (8y=0, ;=0.25, ,=0.5, 5=0.75).
%RD %ValD t (sec.)

n__ #inst Bo Bi B2 Bs Bo Bi B2 Bs Bo Bi B2 Bs

50 4 0,04 0,04 0,00 0,00 104,92 34,11 12,84 3,73 0,56 0,35 0,30 0,29

71 4] 059 059 046 046| 9882 3552 1223 2,17| 068 0,78 062 0,60

< 75 16| 0,69 031 039 035| 137,75 41,66 1534 548| 0,64 082 069 0,66

=100 12| -0,61 -021 -0,04 0,00| 130,55 3561 1220 396| 2,09 166 145 137

2120 4] 089 080 003 000| 10352 3755 1513 513| 380 2.8 250 236

o 134 4] -051 -091 -091 -091| 17530 46,70 1539 455| 489 381 3,559 327

S 150 4| -1,68 -1,05 -022 025| 203,15 3453 7,57 433| 749 463 398 431

g 19 12| -044 -021 -0,18 0,11| 193,01 41,06 12,87 641| 1201 767 707 6,61

C 20 4| 0,16 -038 003 000| 192,14 2475 755 191| 1971 13,06 13,41 1233

252 4] -0,55 -022 029 029| 26973 2683 2,52 -3,11| 2655 1830 1627 1791

255 4] -095 -028 -054 005| 19135 3842 7,56 324| 3485 21,10 18,60 14,72

avg -0,21  -0,14 -0,06 0,05 163,66 36,07 11,02 3,44 | 10,30 6,82 6,22 5,86

50 4] -039 -028 -0,11 000 2204 510 2,16 1,17] 0,12 011 010 0,09

71 4| -036 -043 000 000 2343 7,79 3,05 045 025 022 020 0,17

< 75 16| -0,12 -0,08 -0,02 -0,01| 2810 477 146 028 023 0,18 019 0,17

£ 100 12| -0,17 -0,17 -0,10 -0,09| 36,555 892 323 1,00 047 034 033 0,32

2120 4| -022 -0,12 000 000 2262 2,13 093 028 058 043 043 043

I 134 4| -038 -0,15 -0,12 002| 3031 698 288 109 076 058 0,555 055

S150 4| -0,12 -023 -009 000 2766 554 1,61 043 095 072 069 0,69

g 19 12| -020 -0,03 -001 000 1621 1,87 036 008 156 121 123 123

S 40 4| -0,16 -0,18 -006 -002| 3445 396 0,62 0,07 261 18 1,75 1,76

252 4| -027 -0,19 -0,14 -0,14| 3047 1,08 -030 -044| 3,04 204 2,05 2,06

255 4| -024 -002 -002 000 1994 146 0,10 0,01| 284 225 221 239

avg -0,24 -0,17 -0,06 -0,02 26,53 4,51 1,46 0,40 1,23 0,90 0,88 0,90

50 4] -0,05 000 000 0,00 427 133 039 025| 0,10 0,10 009 0,10

71 4| -0,07 000 000 0,00 322 125 0,50 0,17 023 023 022 022

< 75 16| -0,08 -0,04 -0,02 0,00 465 1,70 0,65 021 020 021 0,19 0,8

£ 100 12| 0,11 -006 -0,01 0,00 551 1,51 0,73 021| 043 037 039 036

2120 4| -0,02 000 000 0,00 504 147 029 021| 054 053 0,52 050

I 134 4| -0,12 -0,06 000 0,00 500 0,80 033 0,14 073 068 0,68 067

150 4| -0,18 -0,05 000 0,00 428 061 011 005 087 079 080 0,74

g 19 12| -0,07 -0,0 0,00 0,00 309 028 0,06 001 140 136 133 136

ST\ 4| -0,10 -0,10 -0,06 -0,06 363 062 0,19 009 195 1,87 1,84 1,82

252 4| -0,10 -0,01 000 0,00 449 016 001 000| 222 204 204 208

255 4| -0,06 -0,03 -003 -003 381 0,07 0,03 001]| 239 221 226 241

avg -0,09 -0,03 -0,01 -0,01 4,27 0,89 0,30 0,12 1,01 0,94 0,94 0,95

The results of Table 2 show that the average route
cost tends to decrease as the value of f decreases. The
best improvement is 1.68% and it is obtained in the
group of 150 customers in Class 1 (2-Insertion heuristic)
when f=0. However in some cases the reduction of the
value of f can lead to an increase in the average costs.
The worst case (increase of 0.89%) is also in Class 1 in
the group composed by 120 customers and S=0.
Therefore it is not possible to stablish a clear and
proportional relation between f and the route cost. The
average number of validations tends to increase as f
increases. This increase is more significant in groups of
Class 1. In this class, when f is zero, there is an increase
of more than 163% in the average number of that
validations. For other classes, the increase is less
expressive, with average values of 26.53% for the Class
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2 and 4.27 for Class 3. The computational time tends to
be greater when reducing the value of §. The increase of
time is more expressive for instances of Class 1. Indeed,
if the number of validations increases significantly, the
time required will be significantly greater. For instance,
for =0, for the results of Class 1 in the group of 252
customers present an average increase of 269.73% in
the number of validations, spending on average more
than 26.55 seconds, and have a slight improve in the
cost (-0,55%).

CONCLUSIONS

In this work a capacitated vehicle routing problem
with mixed linehauls and backhauls with Loading and
sequencing constraints was addressed.

VOL. 43, No 4, 2015 = 317



The results show, as in other works in literature, that
some savings can be achieved by visiting backhaul
customers earlier in the route. The innovative feature of
this approach is that for instances with a relatively small
number of backhaul customers, and even with more
feasibility tests, the solution can be obtained within a
small additional amount of time. The computational
time strongly relies in the number of validations.
However, instances involving 50% of backhaul
customers can lead to solutions requiring a significant
amount of time to achieve a feasible solution for the 2L-
CVRPMB.
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XEYPUCTHYKA METOJA YMETABA KO/J{
ITPOBJIEMA OCIIOCOB/bABABA BO3MJIA 3A
PYTUPAILE CA OTPAHUYEIBLUMA TEPETA U

HUHTEI'PUCAHOT JPYMCKOI ITIPEBO3A "

ITOBPATKA BO3WJIA HA MATUYHO
MMOJIABMINTE.

T. Iunrto, K. Ansem, 7K. B. 1e KapBasbo, A.
Moypa

Pan ce 6aBu mpoGiieMoM ocrioco0sbaBarma BO3MIIA 3a
pyTUpame KOA HHTETPHCAHOr IIPeBO3a JAPYMOM H
NOBpaTKa BO3WJIAa Ha MAaTHYHO Ioja3uiuTe. TperupaHu
mpobiieM mpumnaga MOAKIACH MpodieMa Ipey3uMama U
ucrnopyke pooe. Takolje ce pasmarpajy nurama yroBapa
Tepera W pexpociena ucrnopyke. OBa orpaHuyema ce
N0jaBJbYjy Y MHOTHM CHTyalljaMa y PEalHOM >KUBOTY
U e(pHUKAaCHOCT Cce MOXe MOOOJBIIATH, jep HCIOpyKa
pobe KymimMMma KOju ce Hamase Ha MNyTy MOBparka
BO3WJIA y MAaTHYHO TOJIA3HIITE HE MOpa Ja Ce OIUIaKe
Kama je Moryhe poOy yroBaput 0e3 mpepacmopehuBa-
Ba Tepera. [IpeqyiokeHM NPHUCTYII Ce€ 3acCHUBA Ha
XCYPUCTUYKOM METOJy YMETama KOjU je MpHKazaH y
JUTEPaTYpU AU jé Y OBOM Pajly IPOIIMPEH eKCILIHIH-
THO Ha pa3MaTpame OrpaHnyema Tepera. [Ipukasane cy
U WCIMTAaHE pa3iuuuTe crTpareruje. Jlati cy MCLpPITHH
pe3ynTaTH mpopadyHa Ha MPUIAroheHUM KapakTepH-
CTUYHUM IIpUMEpHMa Ca WHTErPUCaHUM MpoOJIeMUMa
pyTHpama u onrepehema.
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