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Kinematics and dynamics of a Cardan-Hooke joint are investigated.
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Kinematic analysis is based on the kinematic chain rule for angular
velocity vectors. Dynamics of the Cardan-Hooke joint is analyzed by
means of the Lagrange equations of the second kind. The Cardan-Hooke
Jjoint is analysed under varying operating conditions, that is, it is assumed
that the input shaft has variable angular velocity. Two cases are

considered: (1) the driving yoke plane coincides with the plane of the
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shafts; (2) the driving yoke plane is normal to the plane of the shafts. An
expression for torque transmission in a Cardan-Hooke joint in varying
operating conditions was developed. The expression contains terms
representing inertia of the shafts and the cross of the Cardan-Hooke joint.
Theoretical considerations are accompanied by a numerical example.
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1. INTRODUCTION

In literature regarding the dynamics of the Cardan-
Hooke joint, the inertial characteristics of shafts and a
cross and their influence on the joint torque
transmission are often ignored (see e.g. [1]). In [2], the
cross inertia and its effect on shafts bearing reactions at
the constant angular velocity of the input shaft was
considered.

On the other hand, the problem of the torque
transmission at a variable angular velocity of the input
shaft and in the presence of both structural and error
misalignments between the shafts is considered in [3].
Moreover, the inertial characteristic of the cross is not
taken into account. In [4], only the inertia of shafts was
taken into account.

The aim of this paper is to form a relation between
the applied and resisting torques, which will be taken
into account inertial characteristics of both the cross and
the shafts. In general case, the variable angular velocity
of the input shaft is assumed where elasticity effects and
friction are ignored.

2. KINEMATICS OF A CARDAN-HOOKE JOINT

Various approaches have been used in kinematic
analysis of the Cardan-Hooke joint, such as: the
descriptive geometry approach [5,6], the transformation
-matrix approach [7], the space analytic geometry
approach [8], the approach based on the kinematic chain
rule for angular velocity vectors [9] etc. In this paper,
the kinematic analysis is based on the approach from
reference [9]. In authors' opinion, this approach
requires minimal computation effort and is simple in
application.
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2.1 The case when the driving yoke plane coincides
with the plane of the shafts

Figure 1 shows a Cardan-Hooke joint composed of three
rigid bodies (V)), (V»), and (V3) where (V) is the input
shaft with driving yoke, (V) is the cross, and (V3) is the
output shaft with driven yoke. Without loss of
generality it is assumed that the input shaft is placed
along the YV -axis of the reference frame Oxyz and that

axes of the input and output shaft crossing at the point
O lie in the coordinate plane Oyz.
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Figure 1. Cardan-Hooke joint — Variant |

The cross is connected to the driving and driven
yokes with the revolute joints whose axes are
represented with the unit vectors e, and 3,
respectively. The unit vectors of the input and output
shafts are denoted by ¢, and ¢, , respectively. Let ¢,
©2, 93, ¢4 and o represent, respectively, the rotating
angle of the input shaft, the relative rotating angle of the
cross about the axis ¢, with respect to the input shaft,
the relative rotating angle of the cross about the axis €3

with respect to the output shaft, the rotating angle of the
output shaft, and the angle between axes of the shafts
connected. The local coordinate frame O,¢x( is fixed to
the cross in the manner shown in Figure 1. In the
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reference configuration of the Cardan-Hooke joint
shown in Figure 1 one has that ¢, = 0, ¢, = 0, and ¢; =
a. In this reference configuration, the driving yoke plane
coincides with the plane Oyz. As in [9], applying the
kinematic chain rule for angular velocity vectors [9] to
the bodies (V) and (V,) yields the following expression
for the angular velocity of the cross, @&, :

@, = Pre + Pre;, (1)

where @ and ¢, are, respectively, the angular speed of

the input shaft and the relative angular speed of the
cross with respect to the input shaft. Similarly, applying
the kinematic chain rule for angular velocity vectors to
the bodies (V,) and (V3) yields:

@) = Py + Pre3, 2)
where @3 and ¢, are, respectively, the relative angular

speed of the cross with respect to the output shaft and
the angular speed of the output shaft. The vectors ¢,

é,, and ¢, may be expressed in the frame Oxyz as
follows:

e =7, =sin(plz?+cosqollg 3)

€y = cosa]—sin ak 4)

where i , ] and k are the unit vectors of the axes X, ¥,

and z, respectively. By observing Figure 1, it is obvious
that:

53'5420, 53'52:0, EI'EZZO (5)
Equating (1) with (2) yields:
D6+ 96, = Pses + Pse5. (6)

Premultiplying both sides of (6) by ¢, and e, one
has, respectively, that:

@ cosa— @, sinacos @ = @y (7
@ =—@, sincos g ®)

Further, solving (7) and (8) for ¢, and ¢, gives:

cosax

Op=—@¢ =/ ) 9
* 1-sin? acos? o A= Iunh

. sin @ coscos @y . .

P, =— 2 2% ﬂEf@(I)ﬂ (10)

1-sin” arcos” ¢
Finally, after the integration of (10) it is obtained that:

» =—tan_1(sin¢1 tan ). (11

2.2 The case when the driving yoke plane is normal
to the plane of the shafts

Let us now consider a Cardan-Hooke joint in which,
when the joint is in the reference configuration ¢ =0,

¢, =—, and ¢; =0, the driving yoke plane is normal

to the plane of the shafts as it is shown in Figure 2.
Now, one has that:
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€ =cos¢17—sin¢ll€ (12)

while the vectors €| and €, are determined by the same

expressions as in (3) and (4). Applying the similar

procedure as in previous section, the following relations
are obtained:

@ cosa+ @y sinasing = @y (13)

@) =@ sinasing (14)

By solving (13) and (14) for ¢, and ¢,, the following

expressions for angular speeds are obtained:

. cosa ) )
= ¢ = , (15)
s 1-sin® arsin? o %= o,
. sincosasing@, . )
) _ SRACosasmA &= fo,unP - (16)

1-sin® arsin’ g,

Finally, the integration of (16) yields the following
expression for the angle ¢, :

0= —tan_l(cos(pl tan &) a7

Figure 2. Cardan-Hooke joint — Variant Il

3. DYNAMICS OF A CARDAN-HOOKE JOINT

3.1 The case when the driving yoke plane coincides
with the plane of the shafts

During the motion of the Cardan-Hooke joint, the shafts
perform the rotation about fixed axes while the cross
performs rotation about fixed point O;. Taking this fact
into account, the kinetic energy of the Cardan-Hooke
joint is determined by the following expression:

. . 2
:J1¢12+J3¢’42+J2§“’2§+J2n“’§n+J2§‘”§¢ (18)

E
k= 2 2

where J; and J; are the mass moments of inertia of the
shafts, Jo, Joy, and Jy¢ are the mass moments of inertia
about the cross principal inertia axes ¢, 7 and ¢, and wo,
oy and @y are the projections of the angular velocity of
the cross, @,, onto the axes of the local coordinate

frame O,{n¢. Based on (1), the projections woz, @), and
y; are determined by:

Wrg =P sing,, (19)
Oy =PI COSPy, Oy = (20)

Taking into account (9), (10), (11), (19), and (20),
the kinetic energy in expended form reads:
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_1 2 2
Ee =5 (Wt dafy oy o iy * on

+Jop cos? P +Jo¢ sin’ (/)2)(012
Applying Lagrange’s equations of the second kind

[10], the differential equation of motion of the Cardan-
Hooke joint reads:

d 2B OB _
dr g, o4

where Q¢1 is the generalized force obtained from the

04 (22)

expression for the sum of virtual works of the applied
torque 7' acting on the input shaft and the resisting
torque T3 acting on the output shaft as follows:

5A = Tlé‘% +(—T35¢4) =

cosa (23)
[1 31—sin20!c052(01J " =%

Now, (22) in developed form reads:

cosax

2
Tl=T3 ) +(J1+J3f¢

+
1-sin® arcos ) ()

2 2 .2 ..
+J2;f¢2(1)+J2ncos (p2+J2§s1n )P+

U out) U or (1) 24)

+(J3f<o4<l>W”2§f¢z(l>W

0 Jop—Jag . .
+(£—2fm(1)]%sm 2¢2j¢12

In the case of a constant angular velocity of the input
shaft, that is, ¢ =0, one has that:
T =T | zosa —
1—-sin” arcos” ¢
Y1)
Ip

W py(1
+[13f¢4(1>§;¢1()+12;f¢2(1> + (25)

I, jfzn—fzf
2

=222 in2¢, (¢
{a(pl Jor (1) sin ¢’2]¢’1

wherefrom, ignoring the inertial characteristic of cross
and output shaft, the following common inter—
dependence of the torques is obtained (see [1]):

cosa

T, =T, (26)

1-sin’ arcos? o

3.2 The case when the driving yoke plane is normal
to the plane of the shafts

In this case one has that:

Wy =—¢y sin(a— ) (27)
@y = @ cos(a—p,) (28)
O =y (29)
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1 2 2
E; —E(Jl+J3f(p4(”)+J2§f(p2(”)+

(30)
+J2,7cosz(a—¢2)+12§Siﬂz(a_(/’z))(/’lz
0A =Ty +(-T309,) =
cosa G
=T, -T o9, =Q,, O
: 3l—sinzot'sinzgz)lJ A=Enh

Now, the equation of motion of the Cardan-Hooke
joint reads:
cosa
hi=li————5—+
1-sin” asin” @

2 2 2
+(J; + J3f¢4(”) + J2§f¢2(”) +Jop cosT(@—@y) +

+Jog sinz(a—(oz))@l + (32)
af(/’4 il o, I
+[]3f¢4(11)#+‘]2§f¢2(ﬂ)%+

00, |Jop =2
_{zfm(m_ﬂ]”T‘f

sin 2<a—<o2>J¢?
o9

while, for ¢ =0, it is obtained that:

o
fer S
I—-sin” asin” @
Uy a1y

%)
Sy i) +12;f¢2(,,)W+ (33)

{hfmdhw

09, |Jon —Jo¢ 2
+| 2 ——= |——=sin2(a -
( Joy iy P 2 (@—9) ¢
and, finally, for the inertial characteristic of cross and
output shaft ignored:

cosa

Ti = T3 (34)

1—sin® asin? o

4. NUMERICAL EXAMPLE

Let us apply everything what is considered in Section
2.1 on the Cardan-Hooke joint with constant angular
velocity of the input shaft and let 7j; and T}y contain
terms of (25) that come from the inertia of the cross and
the output shaft, respectively, as follows:

Yo (1)
99

Ty :[ngfm(l) +

J ; 35)
1) o~k . .2
+[a—¢f—2f¢2(1)JnTSln2(ﬂ2J¢l
Wou1) | .
T1V=(J3f¢4(1) 520(] )}012 (36)

In order to investigate the effect of the inertia of the
cross and the output shaft on the torque transmission at
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a constant angular velocity of the input shaft, the
following numerical values of the joint parameters will
be used (see [11]):

Ty =750Nm, Joz =Jpr =0.00111 kgm”
Jop =0.00202 kgm?*, =15 (37)
J3 =0.01528 kgm?

The plots of the quantities 7;; and T,y are shown in
Figures 3 and 4, respectively, for various angular speed
of the input shaft. Also, for the given value of resisting
torque and various angular speeds of the input shaft, the
plots of the applied torque are shown in Figure 5. Note
that the plot of applied torque determined by means of
the relation (26) is marked by a dash-dot line.
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Figure 3. Quantity T, versus angular position and various
angular speeds
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Figure 4. Quantity T,y versus angular position and various
angular speeds
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Figure 5. Applied torque T, versus angular position and
various angular speeds
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5. CONCLUSIONS

The relations obtained in this paper give an opportunity
to estimate the influence of the inertia of cross and
shafts on the torque transmission in Cardan-Hooke
joints. By observing Figures 3 and 4 it is noted that at a
constant angular speed of the input shaft, the influence
of the output shaft inertia is dominant in comparison
with the influence of the cross inertia. Also, from Figure
5 it can be observed that at higher values of the input
shaft angular speed, the difference between results
obtained by the static torque transmission relation (26)
and the relation (25) is obvious. So, at higher angular
speeds of the input shaft, the effect of inertia of the
components of the Cardan-Hooke joint must be taken
into account. The results obtained in this paper are
valuable for the design as well as the stress and fatigue
analysis of Cardan-Hooke joints (see e.g. [12]).
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O MPEHOCY OBPTHOI' MOMEHTA KAP/IAH-
XYKOBHUM 3I'JIOBOM

C. llaaunuh, A. Bpanuh, H. Hemiuh, A. TomoBuh

[MpoyyaBana je kumHeMTHKa u JuHamuka KappnaH-
XykoBor 3rio6a. Kunemarnuka ananusa ce 0aszupa Ha
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TEOPHUjU CIOKEHOT KpeTama KpyTor Tena. JluHamuyka
ananmuza Kapnan-XykoBor 3ri00a je u3BpieHa Ha 6asu
JlarpamxeBux jepHauuHa japyre Bpcre. Kapman-Xykos
3m100 je aHaIM3MpaH y yCIOBUMA IMPOMEHJBUBE yraoHe
Op3uHe TOTOHCKOr  (yJa3HOr) BpaTwiaa  3riio0a.
Pasmarpane cy nBe Bapujante 3rioba: (1) paBan
MTOTOHCKE BUJBYIIKE c€ TOKJIaa ca paBHH Bpatmia; (2)
paBaH IOTOHCKE BWBYIIKE j€ HOpMalHa Ha paBaH
BpaTuia.

W3BenmeH je W3pa3 KOjUM Ce OMKCYje MPEHOC OOpTHOT
MoMeHTa Kapnan-Xykosum 3riobom. M3BenaeHn uspas
calpXKM WIAHOBE KOjU MOTHYY OJi MHEpLHje YJIa3HOT U
W3JIa3HOT BpaTWiia Kao W oJ uHepuuje kpcra Kappan-
XykoBor  3rioba. Teopuwjcka  pasmarpama  cy
nponpaheHa HyMEPUYKHM IIPHUMEPOM.
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