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Stress Concentration around Circular
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This paper examines the effects of material natural anisotropy of wood on

stress concentration surrounding circular and elliptic holes. A thin
anisotropic plate of wood was loaded with a constant pressure in one

direction. The relationships between the stress components on the edge of
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the elliptic and circular holes were derived. For unloaded holes, normal
stress values in small areas perpendicular to the edge of the hole were
calculated. When calculating stress intensity, the relationships between the
direction of applied pressure and the principal directions of elastic

symmetry in spruce, ash, poplar, and oak wood were investigated.
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1. INTRODUCTION

The presence of constructive or functional discon-
tinuities (as holes, joints or so on), modifying the
physical continuity in part geometry, can create high
stress concentration zones [1].

Therefore, significant deformations can emerge, in
the case either structural or non-structural parts, which
can spread along the structure in the way of
significantly =~ decreasing  strength, load-carrying
capacity, and safety of the construction.

This change in properties can be particularly
relevant when anisotropic materials are involved.

Between many others, wood is surely the most
widely used material, affected by a natural anisotropy,
or, in the presence of plenty of wood-based materials
[2], by an artificial anisotropy.

Wood, in fact, is a strongly anisotropic and non-
homogeneous material by its nature. For use in
engineered structures, the material needs to be graded in
a process that estimates the mechanical properties in
order to optimize its use [3].

In softwood, the main strength governing parameters
are knots. These natural defects are causing weak spots
and local fiber deviations that cause locally reduced
strength properties, especially when loaded in tension or
bending. Knots can be assigned to different subgroups,
depending on the location of the center of the tree in
timber [4]. These material features can have different
shapes and can be visible on multiple surfaces. Fiber
deviations around knots and natural defects are some
aspects making wood a unique but complex material for
structural applications.

As a consequence, the tensile strength properties
(and not just those) of wood boards are strongly
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depending by these natural heterogeneities (knots,
fibers, defects or so on) [5].

At the same time, as said, manufacturing or
functional discontinuities (as holes, joints or so on) can
affect the same properties [6].

Having more accurate information about all these
geometrical features and their consequences for the
strength may lead to more accurate strength predictions,
a better machinability [7-10] and, thus, more economic
use of the material.

Different studies are concentrated on the structural
modelling of wood and predicting the strength reduction
and failure, resulting from structural non-uniformities
[11-14].

The question of the stress concentration around ho-
les in wood materials is an important issue, especially
from the viewpoint of production technologies by mea-
ns of which these materials are manufactured, spatially
or in the plane. During woodworking, in fact, cutting
loads can act in several directions at the same time
creating complex stress states.

A preliminary stress analysis in the case of an
anisotropic wood plate with a circular hole loaded by a
uniaxial tension is given by Savin[11] thanks to the use
of an elastic ring as measure technique.

It can be said that the stress distribution around
constructional holes is affected, in particular, by the
material properties [12], but also by aspects as: the
shape of a used joint, the distance of fasteners from the
edges of structural members as well as by structural
member thickness [13-17].

The use of new wood-based materials enables the
presence of composites with high anisotropy in furniture
and in structural constructions, joined by fasteners with
various types and cross-sections.

The effect of the two parameters on the stress
concentration around a hole is given in [16,17].

This study proposes an experimental and numerical
determination of the influence of holes of circular and
elliptical shape on stress concentration.
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Thin anisotropic plates of 4 different kind of wood
(spruce, ash, poplar, and oak) were loaded and the rela-
tionships stress components were derived. Stress inten-
sities were evaluated using formula and considering the
directions while a FEM analysis permitted to achieve a
complete profile for the stress distribution.

2. MATERIAL AND METHODS

Concerning the given problems, the work analyses
questions of the effect of material anisotropy around
a circular hole in an infinite plate stressed by constant
pressure in one direction in four tree species: spruce
(Picea abies), ash (Fraxinus excelsior), poplar (Populus
alba), and oak (Quercus cerris).

From the standpoint of designing a proper form of the
structural member, in technical practices it is very impor-
tant to solve cases of stress and strain in a body. When sol-
ving planar cases, stresses and deformations are dependent
on two variables X, y. From a mathematical standpoint, the
planar state of stress and planar state of deformation do not
differ [9]. When solving this problem we start from the
basic equations of the theory of elasticity of the plane state
of stress in an anisotropic body (1) and (2):

or ot do
99y 9%y 0,05 %% Ly g (1)
ox dy ox dy
. =au . dv v au+8v @)
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Relating to deformations we apply the equation of
deformation continuity (3), i. e. compatibility equation,
which is simultaneously a precondition of the integ-
rability of the basic equations:

azé‘x 82€y _ azyxy (3)
ay2 ox*>  Ox-dy
The boundary conditions take the form (4):
X, =0y -cos(n,x)+17y,-cos(n,y)
“4)
Y, =1, -cos(n,x)+ o, -cos(n,y)

Solving planar problems of the theory of elasticity in
anisotropic bodies, it is advisable to introduce the Airy
stress function by relations (5):
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where: U — body force potential.

After substitution into physical equations and subse-
quently into the equation of deformation continuity —
compatibility equation, we obtain the equation (6):
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This partial differential equation is a basic equation
in the theory of elasticity of anisotropic bodies [18-22].
When body forces do not act on a body, or when they
are constant, instead of (6) we obtain the homogeneous
partial fourth-order differential equation:

*F o'F
ay - =2ty —5—+(2ay +agg)-
ox ox” -dy
4 4 4 )
J°F 4 0°F ta J°F 0
. —— . 16- 11- =
ox? -ay2 8x~ay3 ay4

In the case of the orthotropic plate and on the assum-
ption that axes of the coordinate system X, y are corres-
ponding with the principal directions of elastic symmetry,
equations (6) and (7) are reduced to the equation (8):

o*F o*F o*F
Ay ——+(2-apy +agg ) +ay- =0 (8)
22 ax4 ( 12 66 ) axz ] ayz 11 ay4

Introducing the stress function F is also shown in the
boundary conditions which can be written in the form
(9a, 9b):

0°F 0°F
3 -cos(n,x)— -cos(n,y) =
dy ox - dy (9a)
=X, -U(x,y)-cos(n,x)
3*F *F
- -cos(n,x)+ -cos(n,y) =
axay ayx2 (9b)

=Y, U (x,y)%os(n,y)

An advantage of introducing the stress function F
lies in the fact that instead of five basic equations (1)
and (2) by which we can determine three stress compo-
nents Gy, Gy, Ty, and two deformation components u,
v we obtain only one equation (7). The planar problem
is solved by finding the Airy function of the state of
stress F which is to satisfy equation (7) meeting the
boundary conditions. According to S. G. Lechnickii
[18], we express the stress function F by two analytical
functions ¢(z;) and y(z,), which enables us to express
the stress components oy, Gy, Tyy in the forms (10):

0, =2-Re[ i -0 (2)+ 13 ¥ (22)]
o, =2Re[ ¢ (2)+V (2)] (10)
Ty 2—2‘R€[ﬂ1 9 (21)+ 112 'l//'(zz)J

where: Re — real part of the expressions in square brac-

. ’ d , d
kets, while: ¢ (zl)sz(p;l// (z5) = Wi, Uy — co-
1 2

mplex parameters.

By substituting for oy, oy, T into the physical
equations and integrating, we will obtain displacement
components u, v (11):

u(x,y) ==2-Re[p1 9(z1)+ py -l//(zz)]—}/oy+a0 (11a)

v(x,y)=2-Re[ p-¢(z1)+ py ¥ (22) |~ voy+fy (11b)
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Constants o, B, Yo characterize the displacement of
abody as a whole and they are determined from the
conditions of body support. From the boundary
conditions that have to correspond with functions @(z;)
and y(z,), for U = 0, we obtain:
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s (11c)
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By the above-mentioned S. G. Lechnicky’s method
[18], we have expressed stress components by means of
two analytical functions @(z;) and y(z,) by relations (10).
The displacement components have also been expressed
by functions @(z;) and y(z,) by relations (11). This way,
solving the basic problems of elasticity is carried out as
searching the functions @(z)) and y(z) from the
boundary conditions. For the case of stress component 6
on a circular hole edge and for the case of the plate
loaded by pressure was derived the relation (12):

. . 2
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2.1 Preconditions of the solution

a) The hole dimensions are considered to be relatively
small by comparison with dimensions of the plate.
The hole does not lie in the neighbourhood of the
edge of the plate. The problem is then carried out by
solving an infinite plane weakened by a hole.

b) General Hooke’s law and precondition for small
deformations are applied for the plate material.

c) The plate has three planes of elastic symmetry — it is
orthogonally anisotropic (orthotropic).

d) Axes of the coordinate system X, y are parallel with
the principal directions of elastic symmetry (Fig. 1a).

104 = VOL. 48, No 2, 2020

e) The plate is loaded by constant pressure p in
a sufficiently big distance from the hole. The load
makes an angle o with the x-axis (Fig. 1b)

f) The edge of the hole is unloaded.

y

o L NG

% e

b)

Figure1. a) Coordinate system of the orthotropic plate, b)
Infinite plane weakened by an elliptic hole

2.2 Calculation of stress [; on the edge of a circular
hole

We start from the results of measuring the coefficients
of elongation elasticity Ey, E,, shear moduli G, and
Poisson numbers [y, Uy [18]. Results for x, y plane
are given in Table 1.

The deformation coefficients a;;, a;p, @z, ag are
calculated from the transforming formulas:

cos*a 1 279xy .2 P sinta
a) = +| —- B -sin“o-cos o+

Ey
_ sin*a +( 1 219xy J 2 2 cos*ar

-Sin“ o -cos“ o+

Ey
B 1+z9xy 1+z9xy 1 ) ) ﬂxy
a;p = E

—— |'Sin“a-cos“ ot ———
E

x y ny X

1 1+ 1+ 1
466 =—+4{ VD |sinfa-cos*a

Xy By Ey Gy

3. RESULTS AND DISCUSSION

Deformation coefficients are given in Tables 2 and 3.

The stress (denoted o)) at the edges of an unloaded

circular hole in the infinite plate, stressed by constant

pressure, was calculated to deduce the following:

— the point on the edge at which the angle [ of
extreme stress values was created;

— the angle a at which the extreme values of stress o
were created. The angle a is created by the principal
directions of symmetry, as well as the loading
direction.
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Table 1. Elasticity coefficients and Poisson’s ratios in x, y plane [18].

Elastic Tree species
properties Picea abies Fraxinus excelsior Populus alba Quercus cerris
E, (10° Pa) 136.502 157.985 139.380 117.785
E, (10° Pa) 2.895 12.687 3.496 10.289
Gyy (105 Pa) 4.740 10.820 3.860 6.500
Uy (-) 0.557 0.566 0.590 0.452
Uy () 0.012 0.045 0.015 0.039

Table 2. Deformation coefficients. The direction of x-axis is corresponding with the direction of the greater elasticity
coefficient.

Picea abies Fraxinus excelsior Populus alba Quercus cerris
a 1/E, 1/136.502 1/157.985 1/139.380 1/117.785
aj, Uyx/Ex 1/10° Pa -(0.557/136.502) -(0.566/157.985) -(0.590/139.380) -(0.452/117.785)
ay) 1/E4 1/2.895 1/12.687 1/3.496 1/10.289
A6 1/Gyy 1/4.740 1/10.820 1/3.860 1/6.500

Table 3. Deformation coefficients. The direction of x-axis is corresponding with the direction of the lower elasticity coefficient.

Picea abies Fraxinus excelsior Populus alba Quercus cerris
a 1/E, 1/2.895 1/12.687 1/3.496 1/10.289
aj, Uyx/Ex 110° Pa - (0.012/2.895) -(0.045/12.687) -(0.015/3.496) -(0.039/10.289)
ayn 1/E 1/136.502 1/157.985 1/139.380 1/117.785
66 1/Gyy 1/4.740 1/10.820 1/3.860 1/6.500

By solving basic equation (14) which is charac-
teristic by equation (15), we obtain complex parameters.
Results of the calculations are given Table 4.

o*F 'F o*F
all-—+ 26112 +a66 . +6122' (14)

ay4 ( ) ox? ~ay2 ox*
all-,u4+(2a12 +a66)~,u2+a22=0 (15)

We carry out the transformation of the complex
parameters for different angles o and according to

¢ My-cosa—sine - Uy cOSOL—SING

(16)

cosa+ M - sinc ’ cosa+ Uy - sin

Results of the calculations for the observed materials
are given in Tables 5 and 6, graphic representation 6-/p
for two mentioned basic cases is in Graphs 2a and 2c.

In all examined cases, the edge of the hole breaks
into four areas of the stress concentration distributed
symmetrically towards the centre of the hole. The signs
+ and — are used to mark the areas in which tensile or
pressure stresses o, are formed.

relations (16) we calculate 6 /p.

Table 4. Calculated complex parameters.

Tree species

Complex parameters. Direction of x-axis is corresponding with the
direction of the greater elasticity coefficient.

2] |25}
Picea abies 5.0945 1 1.3517 1
Fraxinus excelsior 3.5410 1 0.9980 i
Populus alba 5.84101 1.0870 i
Quercus cerris 4.0880 i 0.8320 i

Tree species

Complex parameters. Direction o

f x-axis is corresponding with the
direction of the lower elasticity coefficient.

Wi W
Picea abies 0.1963 i 0.7398 i
Fraxinus excelsior 0.2820 1 1.0020 i
Populus alba 0.11710 i 0.9200 i
Quercus cerris 0.2440 i 1.2030 i

Table 5. Course of [/p along the circumference of the circular hole, angle a=0°

Load acting in the direction of the greater Load acting in the direction of the lower elasticity
o Isotropic clasticity coefficient coefficient
material | Picea abies | Fraxinus Populus Quercus | Picea abies | Fraxinus Populus Quercus
excelsior alba cerris excelsior alba cerris
0 [+1.0000 +0.1452 +0.2830 +0.1575 | +0.2940 | +6.8859 +3.5390 +69.356 | +3.4067
10 | +0.8794 +0.1421 +0.2686 +0.1519 +0.2739 | +2.1771 +1.9052 +1.7978 +1.6709
20 |+0.5321 +0.1307 +0.2221 +0.1333 +0.2133 -1.0839 -0.0940 -0.8562 -0.1121
30 | 0.0000 +0.1311 +0.1311 +0.0947 | +0.1089 | -2.0363 -1.0224 -1.6688 -0.9952
40 | -0.6527 +0.0415 -0.0278 +0.0230 -0.0537 | -2.2266 -1.6876 -1.9707 -1.4827
50 | -1.3473 -0.1004 -0.3115 -1.285 -0.3164 | -2.1962 -1.9711 -2.0717 -1.8143
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60 | -2.0000 -0.4423 -0.8431 -0.4493 -0.7892 -2.1016 -2.1311 -2.0995 -2.0718

70 | -2.5321 -1.3413 -1.9027 -1.2572 -1.7654 -2.0137 -2.2220 -2.0999 -2.2746

80 | -2.8794 -3.9050 -3.9065 -3.7309 -3.7947 -1.9559 -2.2693 -2.0939 -2.4316

90 | -3.0000 -7.4462 -5.5387 -7.9280 -5.9199 -1.9361 -2.2840 -2.0910 -2.4470

100 | -2.8794 -3.9050 -3.9065 -3.7309 -3.7947 -1.9559 -2.2693 -2.0939 -2.4316

110 | -2.5321 -1.3413 -1.9027 -1.2572 -1.7654 -2.0137 -2.2220 -2.0999 -2.2746

120 | -2.0000 -0.4423 -0.8431 -0.4493 -0.7892 -2.1016 -2.1311 -2.0995 -2.0718

130 | -1.3473 -0.1004 -0.3115 -0.1285 -0.3164 -2.1962 -1.9711 -2.0717 -1.8148

140 | -0.6527 +0.0415 -0.0278 +0.0230 -0.0537 -2.2266 -1.6876 -1.9707 -1.4827

150 | 0.0000 +0.1034 +0.1311 +0.0947 +0.1089 | -2.0363 -1.0224 -1.6688 -0.9952

160 | +0.5321 +0.1307 +0.2221 +0.1333 +0.2133 | -1.0839 -0.0940 -0.8562 -0.1121

170 | +0.8794 +0.1421 +0.2686 +0.1519 +0.2739 | +2.1771 +1.9052 +1.7978 +1.6709

180 | +1.000 +0.1452 +0.2830 +0.1575 +0.2940 | +6.8859 +3.5390 +6.3565 +3.4067
To determine the absolute value of the highest stress 22000
6., in orthotropic materials, calculations are made for I siom
two basic cases: the plate is loaded by constant pressure o
in the direction of either the greater or the lower srar

elasticity coefficient. Both cases are based on the assu-
mption that the axes of the coordinate system x, y (Fig.
2) are parallel to the principal axes of elastic symmetry.
This characteristic has been described previously [20];
this study also specified for an infinite orthotropic plate
with a circular hole stressed by pure shear.
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Figure 2. Course of /p along the circumference of the
circular hole for spruce (Picea abies) for angle a=0°(a
and c) andangle o = 15°(b)

Based on of the calculations and simulations men-
tioned in this article we can conclude that stress
distribution around a defined shape of the hole depends
on the material properties and, also, the angle of incli-
nation of wood fibres [19]. This conclusion is confirmed
in Bodnar’s work [1] as well, which examined the
various shapes of holes, (circular, elliptical, normal
square and rotated square hole) and the most degree of
stress concentration was watched at rotated square hole.
Of the material point of view of wood, the most
disadvantageous is Picea abies in generally.

The stress concentration at the edge of a cut-out is of
practical importance in designing of the furniture const-
ruction and building structures. These stresses
determine the distance of the fasteners in joints of
wooden elements. From the shape of the fasteners
depends also the shape of the hole in joined elements.
The study [17] presented an analytical solution for
stresses in composite plates with special shaped cut-
outs. Leknitsjki’s solution for circular and elliptical cut-
out is extended to special cut-out shape using complex
variable mapping. This complex variable function can
be used in modelling and evaluation of stress
distribution in perforated composite and isotropic plates.
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The stress concentration factor of perforated plates
can be significantly change by using proper material
properties and cut-out parameters.

4. CONCLUSIONS

This work includes analytical and numerical studies on
the stress distribution around a circular hole in the
orthotropic plate, using four tree species that are
exploited in furniture or structural constructions (spruce,
ash, poplar, and oak).

From all possible directions, extreme stress values
o, appear if the load direction corresponds with the
principal direction of elastic symmetry (angle a = 0°).
Meanwhile, with an isotropic plate stressed by constant
pressure “p” in the direction of the x-axis, the highest
stress o, in the absolute value appears at the angle [ =
+ 7/2.

According to the aforementioned facts, in practical
calculations, the cases of construction part need to be
differentiated between loading parallel with the fibers
and perpendicular to the fibers. The stress concentration
factor achieves maximal value when fibers are orien-
tated parallel to the plate axis.

The calculations of o /p and their graphic repre-
sentation show that the graphic course of stress areas is
repeated with the change of angle o (/4, /2). Thus, the
stress distribution at the angle a=75° is obtained from the
graph of the stress distribution at the angle a=15° by its
reversing around the x-axis, by an angle of 180°.
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KOHIIEHTPAIINJA HAITOHA OKO KPYKHUX
U EJIUIITUNYHUX PYIIA ¥V IPBEHUM
JAMUHATHUMA
H. Jlanroga, II. Beno, J. JIynrakosa, K. ®paraca

OBaj pax ucnuryje edexTe NPUPOJHE AHU30TPOIIHje
JpBeTa Ha KOHICHTPALMjy Halpe3ama Y OKPYKHUM H
SIUNTHYHUM OTBOpUMa. TaHKa aHH30TPOIHA IUIOYaA OJ
IpBera Omia je onTepeceHa CTATHUM MPUTHUCKOM Y jel-
HOM mpaBmy. M3BenmeHu cy omHocu m3Mely komro-
HEeHaTa Halpes3ama Ha WBHLM EIMIOTHYHE W KPY)KHE
pyne. 3a HEOTBOpPEHE pyIle H3pauyHaTe Cy HOpMaiHe
BPEJHOCTH HAllOHAa Y MajMM JEJIOBHUM Ha MBHIM pyIIe.
[lpu  w3pauyHaBaky  WHTEH3WTETa  Hampe3amba
uUCTIMTHBaHe cy Be3e wu3Mehy cMepa IpHUMERmEHOT
NIPUTHCKA ¥ TJIABHUX CMEpOBa eacTHYHE CUMETpHje Y
JIPBY CMpEKe, jaceHa, TOIIoJIa U XpacTa.
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