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This paper considers adaptive one-step-ahead Iterative Learning Control
(ILC) for systems described by a Deterministic Autoregressive Moving
Average (DARMA) model. The unknown model parameters are estimated
using the recently introduced generalized forgetting recursive least
squares method. The system is assumed to be minimum phase. The paper
relaxes two fundamental ILC assumptions: identical initial conditions and
identical reference trajectories. Instead, the initial regressor vector is
considered random, and the reference trajectory varies across iterations.
The proposed algorithm has a 2D structure, where parameter updates are
performed iteratively along the iteration axis and recursively along the
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1. INTRODUCTION

Iterative Learning Control (ILC) is designed to improve
the control performance of repetitive processes by
utilizing past control information [1,2]. Specifically,
ILC computes the current control input based on the
previous control input and tracking error, allowing the
system to learn from experience and enhance tracking
performance over iterations.

The seminal work by Arimoto et al. marked the be—
ginning of extensive research in this field [3], leading to
numerous applications [4-6]. Recent studies have further
demonstrated the theoretical and practical relevance of
ILC in robotics and feedback-controlled systems [7-9].

In particular, standard and norm-optimal ILC strate—
gies have been compared in terms of tracking perfor—
mance and robustness [10], while ILC has also been
experimentally implemented in a walking-beam motion
system with a flexible coupled robotic mechanism [11].
Additionally,the implementation of ILC in feedback-
controlled systems has been discussed as a practically
important framework in which the learning signal is
incorporated into an existing feedback control structure
to improve tracking performance [12].

Unlike conventional feedback control, which impro—
ves performance along the time axis, ILC enhances
control precision along the iteration axis. It can also be
combined with feedback control to achieve better
overall performance. In such configurations, the feed—
back controller serves as an inner loop for system
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stability, while ILC functions as an outer loop to refine
tracking accuracy [12,13]. Mathematically,ILC exhibits
characteristics of a 2D system [14,15], making 2D
system theory a suitable framework for ILC synthesis.

Standard ILC operates under the assumption of per—
fectly repeating conditions, including a fixed time inter—
val, identical initial states, identical reference trajec—
tories, and a consistent operating environment. Howe—
ver, some works have addressed relaxation of these con—
straints. For example, [16] investigates ILC for discrete-
time linear systems where the reference trajectory length
varies randomly across iterations [17], thereby removing
the requirement for identical reference trajectories. A
detailed analysis of ILC design under relaxed conditions
is provided in [13], covering cases where: (i) strict
identical initial conditions are not required, (ii) the
reference trajectory varies from iteration to iteration, and
(iii) the reference trajectory length remains constant.

A promising approach for ILC design is adaptive
control for discrete-time systems [18]. References
[13,19] introduce a new discrete-time adaptive ILC
framework for nonlinear systems. Additionally, [20]
presents an adaptive ILC scheme for nonlinear, nona—
ffine discrete systems, addressing scenarios where the
reference trajectory length and initial conditions vary
randomly, and system uncertainties are present.

In this paper, we develop an adaptive one-step-ahead
ILC scheme based on the generalized forgetting recur—
sive least squares method [21]. A key concept in system
identification is the criterion (cost) function [22]. Se—
veral extensions of standard least squares methods exist,
such as variable forgetting factors [23], directional
forgetting [24,25], and exponential resetting [26]. A
generalized criterion function that encompasses these
modifications has been explored, with initial develop—
ments in continuous-time least squares presented in [27].
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The extension of this approach to discrete-time MIMO
systems is discussed in [21], where the criterion function
includes three components: a loss term, a forgetting term,
and a regularization term. Furthermore, [28] demonstrates
that an extended generalized for—getting recursive least
squares framework can lead to an adaptive Kalman filter.

This paper presents the design of an adaptive ILC
scheme for discrete-time DARMA (Deterministic Auto—
regressive Moving Average) systems with constant pa—
rameters. The unknown parameters are estimated using
the generalized forgetting least squares method. For the
case where the reference trajectory length is constant,
strict identical initial conditions are not re—quired, and
the reference trajectory varies across iterations.

The proposed method has an indirect adaptive-
control structure embedded within the ILC framework.
Input—output measurements are processed by the
generalized-forgetting RLS algorithm to update the
estimates of the unknown DARMA parameters. These
updated parameter estimates are then used directly in
the one-step-ahead control law. The resulting control
input produces new plant data, which are subsequently
used in the next identification and learning update.
Consequently, system identification and control are not
treated as two independent procedures but form a
coupled two-dimensional adaptive learning mechanism:
adaptation proceeds recursively along the time axis and
iteratively along the learning-iteration axis.

The novelty of the present work lies primarily in its
integration into an adaptive one-step-ahead iterative
learning control framework for discrete-time DARMA
systems under relaxed trial-to-trial repeatability assum—
ptions, where key contributions are:

(1) integration of generalized-forgetting recursive least-
squares identification with one-step-ahead iterative
learning control;

(i1) development of a two-dimensional learning struc—
ture, in which parameter adaptation proceeds recur—
sively along the time axis and iteratively along the
learning-iteration axis;

(iii) accommodation of bounded, non-identical initial
regressor vectors and iteration-varying reference
trajectories of fixed trial length;

(iv) proof
o of uniform boundedness of the parameter
estimates;

o  of convergence of the tracking error to zero for
every fixed time instant;
o of boundedness of the plant input and output.

The proposed algorithm is also numerically inves—
tigated for a DARMA system with time-varying para—
meters. However, the convergence results established in
this paper apply to the constant-parameter case; a ri—
gorous extension to time-varying parameters would
require additional assumptions on the parameter vari—
ation and a separate convergence analysis.

In general, this paper considers a special form of the
algorithm proposed in [21] for the identification of time-
varying systems. The proposed adaptive iterative lear—ning
control algorithm, together with its stability analysis,
represents a novel contribution. Moreover, to the best of
the authors' knowledge, systems described by the DARMA
model have not been addressed in the existing literature.
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2. GENERALIZED FORGETTING LEAST SQUARES

In standard least squares (LS) [22], the eigenvalues of
the covariance matrix decrease monotonically over
time, which may result in arbitrarily small values and
lead to sluggish adaptation.Furthermore, standard LS
cannot track time-varying parameters [26]. Various
extensions have been developed to eliminate the mono—
tonicity of the covariance matrix [23-26]. All these
extensions fall under the category of general forgetting
algorithms [21, 27], developed for MIMO systems. It is
of interest to derive a criterion function that leads to
such a general forgetting algorithm.

Least squares estimation can be viewed as a
Gaussian process and interpreted as a machine learning
algorithm [29,30].

In this context, the forgetting factor can be
associated with the kernel function in kernel learning
methods.We consider the standard regression model:

()= (1)6(1),0(1),0(1)eR, y(t) eR (1)

where y(7) is the measured scalar output, ¢(?) is the in—
formation vector (vector of input-output measurements),
@ is the unknown parameter vector, and ¢ represents dis—
crete time. In (1), we would like to emphasize the more
general case of a time-varying system (8 = 6(t)).

The generalized identification criterion for SISO
systems is given by:

15(0)=Za(0) 00" ()]

2

S0()-0] Finfoto-0)+ @
+[6-6(0)] P! (0)[0-6(0)]

The first term in (2) represents the prediction error
weighted by a(f). The inclusion of a(f) in the criterion
(2) allows different weights to be assigned to different
observations. The second term is a forgetting term,
where the matrix F(f) is positive semidefinite and be—
longs to, IR{M,F(I) eRX

The third term in (2) is a regularization term. Since
system identification is an inverse problem, it may
suffer from numerical instability. Regularization is int—
roduced to address this issue [31,32], where the matrix
P(0) is positive definite.

A recursive algorithm can be derived by minimizing
the functional (2):

de

Following a similar approach as in [28], we obtain:
PO =P (t-1)-F(t-1)+a(t)p(t)o" (1) &)
B(1)=0(t-1)+a (1) P(1) (1) (¥(1)=6" (1=1) (1)) (5)
where (t) denotes the estimate of the unknown para—

meter vector 0 at discrete time (t,P(t)(P(t) € RM) is

VOL. 54, No 4, 2026 = 589



the symmetric positive-definite covariance matrix, and
P(0) denotes its prescribed symmetric positive-definite
initial value, which also appears as the regularization
matrix in criterion (2).

Remark 1.The condition that guarantees a unique
global minimum for J(#) is given in [28]:

Fe +jl( (i-1)+a()o()o" (1) ©

Remark 2. Setting F(¢-1) = 0,5, and a(f) = 1 in (4) and
(5) leads to:

P ) =P (t-1)+9(1)p (¢) @)
8(1)=(1-1)+ P(1)o(1)( (1) ~0" (1-1)(1)) ®

which corresponds to the standard recursive least squ—
ares algorithm.

For practical applications, it is preferable to directly

update P(¢) instead of using (4). This is achieved thro—
ugh the following lemma.
Lemma 1. (Matrix Inversion Lemma) ([22]; p. 19). Let
A, B, C and D be matrices of compatible dimensions,
with A and C nonsingular and- with the indicated
inverses well defined.Then:

o | - S\
(4+BcD) " =4 —4'B(Da'B+C") D4
Lemma 2 For all IZO,HGRI,go(i)eRl, and u(f),

/
y(t)eR , we assume that :
1°a(1)>0
2°The matrix P(r)e R is symmetric positive definite.

3°The matrix F(t)e R™ is symmetric, positive

semidefinite, and satisfies:

F(t=1)<P7(0)+ X (-F (i-1)+a(i)o(i)e" (1))
i=1
Under the assumptions 1°-3° of Lemma 2, from
relation (4) it follows that

A) U(t—l):(P_l(t—l)F(t—l))_l >0, Vt21,2,3,..
AU _U(t—l)q)(t)gor(t)U(t—l)
GO
Proof: From (4), we obtain:
P (1)=P(0)-F(0)+a(l)e(1)e" (
P(2)=P T (1)-F(1)+a(2)p(2)¢" (2)
=P (0)=(F(0)+ F(1))+a(l)p()e" (1)+
+a(%)¢(2)¢T(2)

1) ©

t-1
P (t=1)= P (0)+ X (-F (i-D)+a(i)e(1)e" (1))
i=1
Using this relation and assumption (iii) of Lemma 2, we
conclude:
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P t=1)-F(t-1)>0, Vi=12,3,.. (10)

From this, we deduce:
-1
U(e=1)=(P (e=1)=F(t=1)) >0, vr=123... (1)

This proves part A) of the lemma. Now, following
Lemma 1, we introduce the following:

A=P 7 (t-1)-F(t-1) .B=9(1)

C=a(t), D= 0! (1)

From relation (4) and Lemma 1, we get:
P(O)=[ 77 (e-1)~F(-1) +a(r) ol (,)T(t)]‘l _
:(F1 (t-1) —F(t—l))_l —(P*1 (t-1) —F(t—l))_l o(t)-
(e O e-0-re-) ot |

~(P*1(t—1)—F(z—1))_1
finally, combining relations (11) and (13), we obtain:
U(t=1)p(t)e” (1)U (1-1)
a )+ (U (t-1)p(r)

Thus, the lemma is proved.

(12)

(13)

P(1)=U(t-1)- (14)

3. DISCRETE-TIME ADAPTIVE ILC

We assume the system is described by the DARMA
model with constant parameters. Usually, differential
operator calculus is used for manipulating linear
differential equations with constant coefficients. Here,
(g) operator denotes analog operator for difference
equation. For the k-th iteration learning, we have

(g™ ) (0)=a7"B(a" e (1) (15)

where ¢ 6[0, L. T ] denotes discrete time within one

trial whereas k =1,2,...represents the learning-iteration
number, and ¢ 'x(f) = x(¢-1) is the backward-shift ope—
rator along the discrete-time axis.

The polynomials A(g") and B(¢™') are given by

A(q_l):1+alq_1+...+anq_" (16)
-1} _ -1 —m

B(g™")=b,+big ™"+t byg (17)

From relation (15), we obtain

Vi (t—i—l):—alyk (t)—...—anyk (t—n+l)+

18
+byuy (1=1)+...b,, uy (1=m)+byuy (1) (18)
This can be rewritten as
T
wi(1+1) = (0 (1)) 0 + b (1) (19)

where
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e () ().
—Vi (t—n+1),uk (t—l),...,uk (t—m)

0° =[a1,...,an,b1 b ]T

sees Uy

o ()=

The one-step ahead control for SISO systems is
obtained by minimizing the following functional [18]:

Jg’k(t+l)=(yk(t+l)—rd,k(t+l))2 (20)

where r,(.) is the reference trajectory for the &
iteration. Optimal control follows from

OJgp(t+1
o4 (1+1) —0 @1
Ouyc (1)
From relation (21), we get
T k (t+1)=yk (t-l—l) (22)

Using relations (19) and (22), the optimal controller
for the k™ iteration is

" (t)=bi(rd,k (e+1)~(g! (1)’ 90)

0 (23)

Let us define

9:[(9°)T bo:l
o) =[(000) (1)

24

T
(25)

where (6, ¢, (t)) e """ Define the tracking error at

the k-th learning iteration as e (#+1) = yu(++1) — ry(#+1).
The adaptive learning control law follows from
relations (4), (5) and (23)

B ()= B (6) = Fioa (£) + g () it (£) 1 (2) (26)
O (1) =01 (1) + 1 (1) By (1) 21 () ey (£+1) 27)

u, (z):ﬁ(w (t+1) (0 (1)) ‘g(z)) 28)

where ¢ is discrete-time, k is the number of learning
iteration. From relation (28), according to relations (24)
and (25), it follows that

i ()= (00 () 80 (0)+ o (0 (1) =

| (00w <r>}[é’f (’)] o,

(29)
b (1)
Using the plant model y, (#+1) =g/ ()0 , the trac—
king error can then be written as
e (t+1)=yy (£ +1) =1z 4 (t+1) =
ok (1)0-0f (1)0, () = (30)
=0l (1)(0-6,0) =0 (1)8, (1)
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with 6, (1)= H—ék (7). From Lemma 2, relation (26)
can be written as

Uiz () it ()9t (£) Vg2 (¢)
e (1) + @ (Ui (1) (0)

B (t)=Upa (1)~ (31

Uyz (1) = (B (6) - Frca (r))_1 (32)

Remark 3. In relation (28), the control gain estimate
50,1{ must be nonzero fork =1,2,3,.... We assume kno—

wledge of the sign of by (i.e. by > 0) and upper bound on
its magnitude (by). We introduce the constraint:

. bojs  bok = bmin
by = A

min,

. (33)
bO,k < bmin

where b,,;, is known. In the applications, bAo,k is usually

selected based on this constraint. Reference [33] proves
that a priori knowledge of the sign of the system’s high-
frequency gain and an upper bound on its magnitude is
not necessary for global system stability.

Remark 4.The adaptive control strategy is valid for
minimum-phase systems, meaning the zeros of the po—
lynomial B(z") lie inside the closed unit disk. A slight
relaxation of the constraints can be achieved by using the
weighted one-step-ahead criterion instead of (20) [23]:

Jox (t+1)= (v (t+1) =1z (m))2 + A (1) (34)

In this case, the condition for stable adaptive ILC
requires that instead of B(z"), the following polynomial
is minimum phase:

B(z‘1)+1—A(z‘1) (35)
bo

For nonminimum-phase systems (where the zeros of
B(z") can lie inside the unit circle), reference [34]
proposes the use of lifted-time stable inversion (stable
inversion).

4. CONVERGENCE ANALYSIS

In this part of the paper, we address the stability of the
adaptive Iterative Learning Control (ILC) algorithm
[32-34]. The parameter updating law (27) operates
iteratively along the iteration axis and recursively along
the time axis.

We have adapted the result from ([21]; Lemma
6.2.1, p.181) to our problem. This adaptation leads to
the following Lemma 3:

Lemma 3. Letus ¢ € [0, L. T ] represent the length of

the reference trajectory, and £ + 1,2,3,... be the number
of learning iterations. The vector of measurements

o (1) € R and the tracking error ¢ (1) e R are

defined. Assume that the following conditions are
satisfied:

1) {ak (t)} is a sequence of positive numbers,
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2
2) lim % (+1) 0

k—o0 —1 (£)+ Amax {(Pk_—ll (1)- Fk_l(t))l}‘/’k (I)HZ

where Fk—l(t) is the forgetting matrix and F;C—l(t)

covariance matrix,
3) ||¢)k (t)" < kl +k2 max |ek (l +1)|
ze[O,t]

kl E(O,OO), k2 E(O,OO).
Then, the following results hold:

i) lim ¢ (¢)=0
k—o0
i) |pr ()| isbounded.

Now, we present the main result of the paper:
Theorem. Let the system (15) and adaptive ILC (26)-
(28) be considered, where the reference trajectory has
length? €[0,1,...,T], and k = 1,2,3,...

ration number. Assume that the following conditions are
satisfied for the adaptive ILC:
1°The upper bounds of the degrees of polynomials

A(q,]) and B(q—l) , denoted byn and m, are known,

denotes the ite—

2° The polynomials A(zfl) and B([l) are stable,

3°The sign of the system's gain and an upper bound
on its magnitude are known (as given in relation

(32)),

4°The length of the reference trajectory is constant for
all £ (for Vk),
5% The reference trajectory r4 4 (¢t) s uniformly boun—

ded for each %,
6" Initial ¢y (0) is bounded for each £, i.e.

ok (0)] < k3 With &3 € (0,00) .

Then, the following results hold:
A) The estimate of the unknown parameter
0y (¢) is uniformly bounded:

lmax{P Loy-F l(z)}

}”minx{P:ll ()-F_4 (z)}

where ¢, (1)=0 -6, (1), F;(.) and P, (.) are the forget—

[0 (1) <

ting matrix and covariance matrix, and Ap;,(.) and Ayin(.)
are minimum and maximum eigenvalues of corres—
ponding matrix,respectively.

B) The tracking error e, (¢) satisfies:

lim ¢, (1) =0

k—0

C) The sequences {yi(f)} and {uyf)} are uni—
formly bounded.
Proof: Let us introduce

G, (t)=0-0, (1) (36)

Additionally, introduce a nonnegative function:
V() =0] (1)B1 (1)6; (1) (37)
Using relations (26), (27), (30), (36), (37) we obtain:
V()= (3%)

592 = VOL. 54, No 4, 2026

2051 (1) G (1) s (1) gy (£+1)
01 (1) P (£) Bt (1) 9 () € (£41)

Let us introduce the function

AV (@) =V () =V (D)

Ve (0= 001 (1) By (6) G4 (1)

From relations (38) and (39), we can get:
AV =G (1) By (1) G (1) -
2051 (1)1 (1) @y (1) gy (£41) +
+af ()1 (1) By () s (1) €1 (14+1)
01 (1) B (1)6- 1(t):
=01 () B (0~ B2 () G (0)-
20 (t)ékr—l([)@c—l( t)ep (t+1)+
01 (1) Pt (6) Bt () @t (1) € (141) (40)
=01 () ~Fia (0)+ a1 () s () ok (1)) i (1)
204 (1)1 ()t (e (1+1)+
01 (1) 0 (6) By (1) @i () (1 41) <
a1 (1) G ()1 (1) 041 (£) G (0)
20y (1) 01 (1) @i (D) ey (141) +
01 (1) @t (6) Bt () @ (1) € (141)

From relations (30) and (31), it follows that
AV (©) < gy (1) Gy (141) 20 (£) ey (£+1) +
0 (1) @t (11) By (1) @t (1) (£ +1)
= (t)epy (1+1)+ (41)

+0f 1 (1) P (1) Bt (1) s (1) 4 (1+1)

=0 (f)(l—a’k—l (1) (t)gc—l(t)@c—l(t))el%—l (¢+1)

Now we can get using Lemma 2 (42)

(39)
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@1 (1) k1 (1) Bt () i (1)
= a1 (1)1 () Uk () 2 (1)
s 7o Ui ()it (1) 0k (1) Up (1)
e e o (Vs ()1 (1)
i1 (Ui () i (1)
@iy (1) + @i () U2 ()i (¢)

From last relation it follows that (43)

1=y (1) it (¢) Bt (1) 1 (1)
1 it () Uea (1) 2 (1)
iy (1) + 01t () U (£) i (1)
akll(t)"'(”l{ 1)Uz (1) 9t (1) =@ (1) U (1) 1 (4)
oy (1) + @l () U (1) 9 (1)
akll(t)
A1 (1) + 41 (1) Ui (1) 9 (1)

Using relations (41) and (43) we have

P (1)

cpi (1+1)
el (1) + @it () U2 (O (2)

From last relation it follows that Vi(f) is a non—
negative and nonincreasing function. From that obser—
vation we have

Oc () P2 ()0 (1) < 01 () Pa (1) G (1)

AV (1) =— <0 (44)

(45)
<0y (1) P (1) (1)
Using relation (4) one can obtain
Amin {Bc_l (t)} 2 Anin {Pk__ll (t)_Fk—l (t)} >...
(46)

2 Amin {P—_ll (6)=F (’)}
where for a real symmetric matrix Api(M) and Ay (M)

denote its minimum and maximum eigenvalues, respec—
tively. From relation (46) it follows

i { P21 ()= Py ()} (0)]
< Amin {Pk_—ll ()= Fea (¢ )} |61 (1) (47)
<65 (1) B (1) 6, (¢)
From relations (45) and (47), we obtain
umin { P (0)= oy (0} ()
<& ()P (O)-Fa(}d () @®
< Ao (P ()= E (0 | (0

From the last relation, we obtain

-
O i LU
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This proves statement A) of the theorem.
We now derive a relation between the measurement
vector and the tracking error. From relation (15) we

have
we(1-1)= A(q;)yk (1) (50)
5(a”)

The system (50) is stable according with condition
2° of theorem. From (50) it follows

up (j—1) < kg +ks max |y, (0)], je[l¢] (51)
te[O,t]
From relations (19) and (51) we have(52)
”q),? (t)” <kg (k4 +(max (1, ks )) niax]|yk (i)|j, kg =n+m
i€|0,t

Using condition 3° of theorem and relations (29),
(33) and (49), it follows that

g (6) < ik ([ (¢ 1)+ o ()]0 (0] <
b (1 +Hr [ (1)] ) = (53)
= Doninimax +Bnin7 ”(/’/‘3 (f)H =kg +ko ”(019 (t)”

where|rd i (t)| 7

max > I

max € (0,00),“@]? (t)“S k7 ’
kS = br;linr max k9 = br;%nk7
Further we have
lox (6)] <08 ()] e () (54)

Using relations (51) and (52) from relation (54)
follows (55)

o ()] <8 ()] + s + s ok ()] =
=g +(1+k9)||¢,9 (t)" <kg+

+(1+ kg )k6 (k4 + (max(l,k5 ))llgfgﬁﬂyk (l)|]

= k8 + (1 + k9 )k6k4 + (1 + k9 )kf) [(max (l’kS )) nigx]lyk (l)lj
i€|0,t

=kyo+hky ifeligﬁ]|yk ()|

where

kro = ks + (1+ ko Ykghy » k11 = (1+ ko ) kg (max (1,ks ) )
From the definition of the tracking error, it follows that
|ek (t)|2|yk (t)|_|rk,d (t)|2|yk (t)|_rmax (56)
Using relations (55) and (56) we have

||¢>k (’)" <kio+hki lg[lgﬁ]ﬂek (l)| +Vmax) =

(57)
=k +k 1imax +h11 I,Iel[%f]qek (1)) =k ki ilel[ﬂgf]kk (i)
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From the last relation, it is follows that

o sk o (0 e 1 +1)

(58)
=k +k i +1
13 T A1 igfgﬁ]kk (i )|
From (44) one can get
V(@ =Va ()=
_ ef 1 (1+1) 0. &
aicky (6)+ 041 (1)U (1) i (1)
Summing both sides of the last inequality yields:
k & (t+1
VO =Vp(0-Y — izl <0. (60)

A a0+ (1)U (1) @i (1)

Let us notice that
Vo(t)=63 ()P (1)6, (1) (61)

is bounded and V(¢) is nonnegative, according with
relation (60). From these facts, it follows that

lim k @371 (f + 1)
k= i) “/_'11 (¢)+ %Tfl (U2 ()@ (1)
Then we have

k
lim 3 (1 +1) <0, Vi

7 ! (0)+ 0 (1)U () (1) (63)
te[0,L,...T-1]

<o (62)

Note that
e,% (1+1) S
ai () +of (U () (1)
e/% (1+1)
o (1) + Anax {Ug 1 (1)} o (f)nz

where Uy_ (1) = Py (1)~ Fy_; (¢) . Using the last two
relations we have

(64)
>

im ef (t+1) _
ko e () +of (U (£ ey (1)
|ek (t+l)|

0 (o (1) of (VUi () (1))
- |ek (t+1)|
(O ol (DU (D (1))

From (64) and (65) it follows that

(65)

=0

2
]
fim <ic(1+1) 0 (66)

o (O‘kl (f)"' Amax {Uk—l (t)}”(ﬂk (t)sz
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Using relations (58) and (66) and Lemma 3, we can
prove statements B) and C) of the theorem. Specifically,
the tracking errore, (1) converges to zero (statement B

of the theorem), as shown in (67):

lim ¢, (1)=0. (67)
k—o0

Additionally, output {y(,)} and input {u(¢)}are
bounded (statement C of the theorem).

Remark 5. The theorem proves the stability of adaptive
ILC for systems with constant parameters.

The algorithm (26)-(28) includes a forgetting matrix,
which is particularly relevant in this case [35,36], as its
selection can affect the convergence rate of the
estimated parameters.

Remark 6. The DARMA process with time-varying
parameters has the form

(g™ ) v =a7'B(g7 ) (1)

where
(g™ t)=1+a ()g +.ra, ()"
B(q’l,t) =b, () +b (£)g "+t by, (1) g™

and if the polynomials A(q",7) and B(¢™',?) are consi—
dered in condition 2° of the theorem, they are uniformly
asymptotically stable. The theorem also holds for uni—
formly bounded time-varying parameters.

The forgetting matrix is particularly relevant for the
identification of systems with time-varying parameters.
However, the theorem presented above is established for
DARMA systems with constant parameters. The time-
varying example considered below is included only to
illustrate the numerical behavior and tracking capability
of the proposed algorithm beyond the proven setting. A
rigorous extension to time-varying parameters would
require additional assumptions on the parameter vari—
ation and a separate convergence analysis
Remark 7.The main task of adaptive controller is
decision making in real time based on recursive
identification (estimation (learning) of unknown system
parameter). The main kinds of adaptive control are
direct adaptive control [18] where controller parameter
are updated directly from the tracking of adaptive error
and indirect adaptive control [18] where it is first
estimated the unknown system parameter on-line and
then using those estimates to compute new controller
setting. However, improved response of the adaptive
system in terms of speed and accuracy, as well as
robustness in the presence of perturbations, may be
possible if combined direct and indirect adaptive
strategies [37]. For the control of dynamical systems in
the presence of large uncertainties is introduced multi
model adaptive control [38].

5. SIMULATION STUDY
In this paper, the effectiveness of the proposed adaptive

ILC algorithm is evaluated through simulations
involving a time-varying reference trajectory and
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varying initial conditions. In the considered case, the
time-varying reference trajectory is defined as

hy, 327t . (2nt
t)=—|2-3sin” | — | |sin| —
"4 (1) 5[ (20)} (20]

where the values Ay, for k =1,2,3,...,N, , follow a uni—
form distribution over the interval [-1.-1]. The reference
trajectories, along with their random variation across
successive iterations, are illustrated in Fig. 1 and Fig. 2.

Lo
&

- - -

Fig. 1. lllustration of reference trajectory variability in
successive iterations k=1, 2, 3, 4

- ™ = - (]
fer .

Fig. 2. Reference trajectory family used in 50 simulation
iterations of system operation

The varying initial conditions are defined as random
vectors @x(0) , for k = 1,2,3,...,N, whose elements are
uniformly distributed over the interval [-0.5, 0.5]

1
E[mnar(l,zoo) -0.5]

The norms of the vectors ¢, (0) fork=1,2,3,...,50,

are shown in the following figure.
In relation (26), we adopt

Fr(t)=(1-2) P L), 1=0,1,2,...T
2€(0,1]

where 4 is the forgetting factor. It is also assumed that
the weighting factor is a(¢) = 1, for all ¢ =0,1,2,...,T,.
With these assumptions, the adaptation algorithm (26) —
(28) takes the following form:

P =20 + oy (1) ol (1)
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O () = Ot (1) = Py (£) 9 (2)-
-(yk—1 (t+ D)=y (1)0y (t))

0 ()= (1) ~{ () 82 (0)

0,k

The simulation analysis considers tracking errors,
which should be minimized,

LM

LTI U P

Y g e rlm B

Fig. 3. Norm of the information vector ¢ at time t = 0 over
iterations k =1 to 50

€ (t+1) = Vi (t+1)—rd,k (t+ 1)
as well as the adaptive tracking errors,
e (t+1) =y (t+1) = i1 (£) 01 (1)

It is important to note that the errors e, (.) and
é;_1(.) are asymptotically identical.In all simulations,

the following parameters were adopted:
buin =0.1, P71(0)=107-1, 6,(0)=0

We consider two cases of controlled system: A) an
LTI system (described by a DARMA model with con—
stant parameters), and B) a system with time-varying
parameters (described by a DARMA model with time-
varying parameters).

A) DARMA model with constant parameters:

A(q‘l) —1-1.6¢7" +0.65¢ 2
B(q_l) =0.4q" +0.3¢72

The DARMA model can be expressed by an itera—
tive difference equation.

Vi (f +1) = 16yk (t)—065yk (l‘—l)-i—
+O.3uk (f —1)+O.4uk (t)

From the last relation, the following is obtained:
T

RO =[- (1), —we(t=1), w(t-1)]

6° (1) =[-1.6, 0.65, 0.3]"

And
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o (1) = {(co;? o) . u (t)} -

=[-au (1), =2 (e=1), wg(1=1), w ()]

T
0:{(90) bo}:[—l.@ 0.65, 0.3 0.4]

For the defined plant model, the tracking error is
shown in the figure below.

Fig. 4. Iteration-domain convergence of the tracking error
at the representative time instant t = 99.

B) DARMA model with time-varying parameters.
In this case, the iterative differenceequation is:

ye(t+)=a () v () +ay () yi (-1)+
+ by () uy (1=1)+0, (£)uy (1)

where the parameters are given by the following for—
mulas:

a (1) =—1.6+0.11sin(%tj,

a (1) = 0.65+0.065 cos (f—éj

0.35, t<50
b, (1)=04, bl(z):{m T

The graphical representation of the parameter
variations is shown in the following figure.

& arrandfe plard pateamemn

. .
I wr

Fig 5. Time varying parameters of DARMA model

The adaptive tracking error é(¢) for A = 0.99 is

shown in the following figure.
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Fig. 6. Adaptive tracking error for k = 3, 30, 50;the curves
for k=30 and k=50areapproximately identical

The simulation analysis of the plant model with var—
ying parameters covers different forgetting factors 4.
Fig. 7 shows the behavior of the adaptive tracking error
é(¢) for different forgetting factors (A = 1 and 4 = 0.95)

in the first learning iteration (k=1).

Fig. 7 Adaptive tracking error for different values of the
forgetting factor (1 =1, 4= 0.95) and k=1

6. CONCLUSIONS

This paper has presented an adaptive one-step-ahead
Iterative Learning Control (ILC) methodology for disc—
rete-time SISO systems described by DARMA models
with unknown parameters. The proposed identification—
control architecture integrates a generalized-forgetting
recursive least-squares estimator with a one-step-ahead
control law. In this way, parameter estimation is per—
formed recursively along the time axis and iteratively
along the learning axis, while the resulting parameter
estimates are directly incorporated into the control law.
The framework relaxes two conventional assumptions
of ILC by allowing nonidentical initial conditions and
reference trajectories that vary from iteration to
iteration, while preserving a fixed trial length.

The principal theoretical results establish, under the
stated assumptions, the uniform boundedness of the
estimated parameters, convergence of the tracking error
to zero as the number of learning iterations increases,
and boundedness of the corresponding input and output
sequences. These results are obtained for DARMA
systems with constant parameters under assumptions
that include bounded initial regressors and reference
trajectories, a constant trial length, the required stabi—
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lity/minimum-phase properties, and available infor—
mation concerning the sign and a bound of the relevant
control gain. These assumptions also indicate the prin—
cipal practical restrictions of the proposed approach,
particularly with respect to non-minimum-phase plants
and systems for which the control direction is not
known a priori.

An important feature of the proposed scheme is the
generalized-forgetting mechanism in the recursive
identification algorithm. In contrast to standard recur—
sive least squares, forgetting prevents the covariance
matrix from progressively losing its adaptation capabi—
lity and therefore provides a mechanism for maintaining
parameter adaptation when the information content of
the data changes. This property is particularly relevant
for systems whose parameters vary with time. However,
the rigorous convergence theorem developed in this
paper is established for systems with constant para—
meters. Accordingly, the numerical example with time-
varying DARMA parameters should be interpreted as an
illustration of the adaptation capability and practical
potential of the generalized-forgetting scheme, rather
than as a direct numerical verification of the theorem for
the time-varying case. A rigorous extension of the
convergence analysis to time-varying systems remains
an important topic for future investigation.

Several further research directions follow naturally
from the presented results. These include: (a) investi—
gation of alternative control strategies within the adap—
tive ILC framework; (b) development of adaptive ILC
schemes for non-minimum-phase systems; (c) removal
of the requirement for a priori knowledge of the control
direction and control-gain information; (d) extension of
the methodology to multivariable and nonlinear sys—
tems; and (e) consideration of systems with iteration-
varying trial lengths. Another promising direction is to
investigate whether the recursive least-squares estimator
can be replaced by computationally efficient accelerated
first-order recursive learning algorithms, including mo—
mentum- and heavy-ball-type methods, while retaining
suitable stability and convergence properties of the
resulting adaptive ILC scheme.
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APPENDIX

Table 1. Adaptive ILC Regulator: Algorithmic Structure

Algorithm for adaptive ILC
Given/design parameters and initialization:

N,T,bpin > 0,6 >0,P (0)=&-1,6,(0)

{e; (1)>0}.{F; (1) = F (1) 20|
satisfying the conditions of Lemma 2,

{ramt}
and the initial regressor ¢4(0) (i.e. initial I/O data
required to construct it) for each trial.
An initial trial £&=0 is assumed to be available. The
true plant parameter vector 6 is used only for simu—
lation and is not an input to the adaptive controller.

for k=1:N
for t=0:(T-1)

e (1+1)= yk (E+1) =g (2+1)
B- 1(1) Py ()= Fya (6) + s (1) 01 (2)
Py (t+1)= B (1)

0, (1) =0, 1( )+0‘k 1() Bt (1) @1 (£) gy (2 +1)
6, (t+1)=

{b > ok— min
bmm’ o k< bmm
T
a0 -{ot o) @00
bo.

Apply u,(t), measure y,(+1), and update ¢, (t+1)
end

P (0)= By (T-1)
0, (0)=0(T~1)

end

g (1) =

AJATITUBHO UTEPATHUBHO YIIPAB/bAILE
YYEIBEM JEJAH KOPAK YHAIIPE]L 3ACHO-
BAHO HA PEKYP3UBHOJ METO/I HAJMA-
BbUX KBAIPATA CA TEHEPAJIN30BAHUM
3ABOPAB/bAILEM
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B. ®uwimnosuh, M. Matujesuh, . Koctuh,
C. hykoBuh, M. JlazapeBuh,

OBaj pax pa3marpa aganTHBHO UTEPATUBHO yIIPABIHAHE
yaewmeM (ILC) jeman kopak yHampex 3a CHCTEME
OIMCaHEACTEPMUHUCTHYKUM ayTOPETPECUBHUM MOJe—
oM ca mokpetHuM mpocekoM (DARMA). Henosnatu
napaMeTpuMo/ieNia NpoLekhYjy ce KopulnhemeM He—
JIABHO YBEJCHEMETO/Ie PEKYP3UBHHX HajMambHX KBaJ—
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para ca reHepalu3oBaHMM 3a0opaBibameM. IIpermoc—
TaBJba ce Jia je cucteM MuUHUMaiHe (ase. Pan yoOnaxa—
Ba JiBe OCHOBHe mpernoctaBke [LC-a: uaeHTUYHH TO—
YETHH YCJIOBH M WJIEHTHYHE pedepeHTHEe MyTame.
YMecTo Tora, MoyeTHH BEKTOp perpecopa ce cmarpa
ClIy4ajHUM, a pedepeHTHa IyTama Bapupa TOKOM HTe—
paunja. Ilpemnoxxenn anroputam uma 2J] cTpykTypy,
TZie ce aXXypupama Iapamerapa BpIle HTEPaTUBHO JyX
0ce WTepanyje u peKyp3uBHO Ay>K BPEMEHCKE OCe.
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